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(*^ , Abstract Let L be a one-to-one operator of type ui having a bounded Hoc functional calculus and satisfying 

the fc-Davies-Gaffney estimates with fc € N. In this paper, the authors introduce the Hardy space _ff£(R") 
with p S (0, 1] associated with L in terms of square functions defined via {e~* ^}t>0 and establish their 
molecular and generalized square function characterizations. Typical examples of such operators include the 
2fc-order divergence form homogeneous elliptic operator L\ with complex bounded measurable coefficients and 

fvj ■ the 2fc-order Schrodinger type operator L2 := (— A)*^ + V^ , where A is the Laplacian and ^ V G ^focC^")' 

^ ' Moreover, as an application, for i € {1, 2}, the authors prove that the associated Riesz transform V'°(L^ ' ) 

\f^ , is bounded from H^ (M") to H'P{W^) for p € {it-/ {it- + k), 1] and establish the Riesz transform characterizations 

^ ■ of H^ (M") for p e {rn/{n + kr), 1] if {e-*^i }t>o satisfies the L"" - L^ fc-off-diagonal estimates with r € (1, 2]. 

" ' These results when k := 1 and L := Li are known. 
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1 Introduction 

The Hardy spaces, as a suitable substitute of Lebesguc spaces LP(R"). play an important role in various 
fields of analysis and partial differential equations. It is well known that the Hardy spaces iJP(IR") are 
essentially related to the Laplacian operator A := X]?=i 3^j which have been intensively studied; see, 
for example, [18, 26, 27, 48-50] and the references therein. 

In recent years, the study of Hardy spaces associated with different differential operators inspires 
great interests; see, for example, [4, 7, 8, 12-15, 21-25, 29-32, 35, 37-39, 45, 55] and their references. In 
particular, in [4], when the operator L satisfies a pointwise Poisson upper bound, Auscher, Mcintosh 
and Duong introduced the Hardy space i7]^(R") associated with L in terms of area integral functions. 
Later, in [22,23], Duong and Yan introduced the BMO-type space BMOl(K") associated with such an 
L and proved the dual space of Hj^{M."') is BMOl.(M"), where L* denotes the adjoint operator of L in 
L'^{W^). Yan [53] further generalized these results to the Hardy space H^{M.") with p E (0, 1] close to 
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1 and its dual space. Also, the Orlicz-Hardy space and its dual space associated with such an L were 
studied in [42,45]. 

Auscher and Russ [8] studied the Hardy space Hj^ on strongly Lipschitz domains associated with a 
second order divergence form elliptic operator L whose heat kernels have the Gaussian upper bounds and 
regularity. Very recently, Auscher, Mcintosh and Russ [7] treated the Hardy space H^ associated with 
the Hodge Laplacian on a Riemannian manifold with doubling measure; Hofmann-Mayboroda in [37, 38] 
and Hofmann-Mayboroda-Mclntosh in [39] introduced the Hardy and Sobolev spaces associated with a 
second order divergence form elliptic operator L on K" with bounded measurable complex coefficients 
and these operators may not have the pointwise heat kernel bounds, while a theory of the Orlicz-Hardy 
space and its dual space associated with L was independently developed in [43,44]. 

Moreover, a theory of Hardy spaces associated with the Schrodinger operators —A + V was well 
developed, where the nonnegative potential V satisfies the reverse Holder inequality (see, for example, 
Dziubaiiski and Zienkiewicz [24,25] and Yang and Zhou [56] and their references). More generally, 
for nonnegative self-adjoint operators L satisfying the Davies-Gaffncy estimates, Hofmann et al. [35] 
introduced a new Hardy space ff^(M"'), which was extended to the Orlicz-Hardy space by Jiang and 
Yang [41]. Recently, the Hardy space 7Jf_^p , y2(R") associated with the Schrodinger type operators 
(-A)2 + V^ was also studied in [12]. 

From now on, in what follows of this paper, we always let i be a one-to-one operator of type w having 
a bounded Hoc functional calculus and satisfying the fc-Davies-Gaffney estimates with fc € N (see (2.6) 
below). Motivated by [35,39], in this paper, we introduce the Hardy space if£(R") with p S (0, 1] 
associated with L in terms of the square function defined via {e~* ^}t>o (see (4.1) below) and establish 
their molecular and generalized square function characterizations. Typical examples of such operators 
include the 2k-order divergence form homogeneous elliptic operator Li with complex hounded measurable 
coefficients and the 2k-order Schrodinger type operator L2 := (—A)'"' -I- V'', where A is the Laplacian 
and ^ y € Li^^iW^). Moreover, as an application, for i e {1, 2}, we prove that the associated Riesz 
transform V'^iL^T^^^) is bounded from ij£^ (R") to ifP(R") for p £ {n/{n + fc), 1] and estabhsh the Riesz 
transform characterizations of H^ (M") for p S {rn/{n + kr), 1] if {e~*^^}t>o satisfies the L"^ — L^ fc-off- 
diagonal estimates with r £ (1,2] (see Definition 6.3 below for the definition). These results when fc := 1 
and L :~ Li were already obtained recently by Hofmann-Mayboroda [37,38], Jiang- Yang [41,43], and 
Hofmann-Mayboroda-Mclntosh [39] . 

A new ingredient appearing in this paper is the introduction of the fc-Davies-Gaffney estimates with 
fc € N, which is naturally satisfied by 2fc-order Schrodinger operators (—A)''" -|- V''. Via the perturbation 
technique (see, for example, [10,11]) and some ideas from the proof of [19, Lemma 2], and using the elliptic 
condition, we further show that the semigroup {e~*^i}t>o also satisfies the fc-Davies-Gaffney estimates. 

Another new observation of this paper is that the nonnegative self-adjoint property of operators in 
[35,41] can be weakened into the assumption that L has a bounded Hoo functional calculus. We point 
out that when this manuscript was in preparation, we learned from Anh and Li [1] that this was also 
observed by Duong and Li [20]. 

This paper is organized as follows. In Section 2, we first recall some results on the Hoo functional 
calculus and describe some assumptions on operators considered in this paper. In particular, we introduce 
the notion of fc-Davies-Gaffney estimates with fc G N in (2.6) below. Some examples satisfying these 
assumptions are also given in this section. 

Let L be an operator satisfying assumptions in Section 2. In Section 3, using some ideas from [35,37-39] , 
we establish some off-diagonal estimates for some families of operators related to L. More precisely, we 
show that if {e~*^}i>o satisfies the fc-Davies-Gaffney estimates, then the family {{zL)'"''e~^^}^^go 
of operators for any m £ NU{0} also satisfies the fc-Davies-Gaffney estimates in z (see Lemma 3.1), the fc- 
Davies-Gaffney estimates are stable under compositions (see Lemma 3.2) and the family {ilj{tL)f{L)}tyo 
of operators satisfies the fc-Davies-Gaffney estimates of order a (see (3.7) below for the definition), where 
ip belongs to the decaying function class ^o.,t('S'!^) as in (2.2) below (see Lemma 3.3 below). Let Li be 
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the 2fc-order divergence form homogeneous ehiptic operator with complex bounded measurable coeffi- 
cients and L2 the 2fc-order Schrodinger type operator. In this section, we also prove that the semigroup 
{e~*^^}t>o and the family {A/tV'^e^*^'}t>o of operators for i G {1,2} satisfy the fc-Davies-Gaffncy esti- 
mates, respectively, in Propositions 3.4 and 3.6. 

In Definition 4.1 of Section 4, we first introduce the Hardy space i?£(M") for p g (0, 1] in terms 
of the square function Sl defined via {e~* ^}i>o and, in Definition 4.2, the molecular Hardy space 
if£ moi A/(^") '^ith M E {n{l/p — l/2)/(2fc), oo). Then, by using Lemma 3.1, we prove that for each 
(ij£, e, M)-molecule m, ||5'i(m)||iP(R7i) is uniformly bounded (see (4.4) below), which together with a 
boundedness criteria from [39] (see also Lemma 4.1 below) implies that i^£ ^^^ Af (^") "^ -ff£(K"). On 
the other hand, using the atomic decomposition of the tent space TP(K"^ ) and the fc-Davies-Gaffney 
estimate, we obtain that the operator ttm, l in (4.11) maps any TP(M"~'" ^)-atom into an (-ff£, e, A/)- 
molecule up to a harmless positive constant multiple in Lemma 4.8 below. Then, by a Calderon re- 
producing formula, we establish a molecular decomposition of iJ£(]R") which yields another inclusion 
if£(IR") C Hf^ jjj^j ^^(R"). Thus, we obtain the molecular characterization of i/]J(R") in Theorem 4.5 
below. 

Section 5 is devoted to the generalized square function characterization of iJ£(R"). Motivated by 
[39], we first introduce the generalized square function Hardy space H^ l(K") for p G (0, 1] and some 
ip e *a,r(5'°) in Definition 5.1 below. Then, for any V e *a,r(S'°) and all / e ^00(5"°) (see (2.1) for the 
definition), we introduce the operators Q^,l, ti'i/j.l and their composition Q^ (see (5.1), (5.4) and (5.5) 
for their definitions). Using the fc-Davies-Gaffney estimates of order a for {tp{tL)f{L)}tyo in Lemma 3.3 
below, we prove that the operator Q^ is bounded on the tent space TP{MJ^^) (see Lemma 5.5), Q0,l 
is bounded from iJ£(R") to TP{Rl+^) and tt^^l is bounded from TP{M.'l+^) to H£(R") for some V (see 
Lemma 5.6 below). Combining these boundedness and using a Calderon reproducing formula in (5.14), 
we then obtain the generalized square function characterization of iy|^(R") in Theorem 5.2, which is 
used in obtaining the Riesz transform characterization of ij£ (R") in Section 6. For all a £ (0, 00), let 
i" be the fractional power with exponent a of L and the Hardy space ^^^(R") be defined as in (5.3) 
below via the square function Sl'^ as in (5.2). As another application of Theorem 5.2, we then obtain 
in Corollary 5.3 that i7£„(R") = iJ£(R") with equivalent norms, in particular, 7f['_^^,(R") = HP{W') 
with equivalent norms for all fc G N, where i7P(R") is the classical Hardy space in [26,49]. 

Finally, in Section 6, we concentrate on the behavior of the Riesz transforms V'"'Lj on i7£, (R") for 
i G {1, 2}. By the gradient estimates of the semigroup {e~*^'}t>o in Proposition 3.6 and the composi- 
tion rule of fc-Davies-Gaffncy estimates in Lemma 3.2, we first show that the two families of operators, 
{V''Ll^^^{I-e'*^')'^^}t>o and {V''Lr^^^{tL,e-*^^y^}t>o for all M e N, satisfy some estimates similar 
to the fc-Davies-Gaffney estimates of order M (see Lemma 6.1 below). Then, using these estimates, we 
prove that for each (i?£., e, Af)-molecule m with p g {n/in + fc), 1] and M g {n{l/p — l/2)/(2fc), 00), 
V''"(Lj )('TT') is a classical iJ^(R")-molecule up to a harmless constant multiple, which further implies 
that Riesz transforms V^{L^ ) are bounded from 7J£.(R") to the classical Hardy space iJf(R") in 
Theorem 6.2 below. In the remainder of this section, motivated by [39], by assuming that the semigroup 
{e^*^i}t>o satisfies the L^ — LP' fc-off-diagonal estimates for r £ (1, 2], we then establish the Riesz trans- 
form characterization of _ff£ (R"). To this end, we ffist show in Lemma 6.5 below that {iiie~*^i}t>o also 
satisfies the L^ — L^ fc-off-diagonal estimates. We then recall some known results concerning the homoge- 
neous Triebel-Lizorkin space F"„(R") and their atomic characterizations from [16,34,51] and [52, Propo- 
sition 4.3]. Let VF'^'^(R") be the homogenous Sobolev space of order fc. With the help of these results, 
we show that if / g T4^'^'^(R") n iJ'^'''(R") when p g (0, 1], then its atomic decomposition converges in 
both W^'^CW") and _ff'^'P(R") (see Lemma 6.9 below). Moreover, by the L'' — L^ fc--off-diagonal estimates 
for {tLie^*^i}t>o, we prove that for each iJ'^'P(R")-atom &, Si^/L^{b) is uniformly bounded on LP(R") 
(see (6.12) below), which, together with the generalized square function characterization of iJ£ (R") in 
Theorem 5.2 and Lemma 6.9, shows that Si^/Li is bounded from the Hardy-Sobolev space iJ'^'P(R") to 
LP(R"). This, combined with the boundedness of Riesz transforms on H^ (R") in Theorem 6.2, yields 
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the Riesz transform characterization of H^ (R") in Theorem 6.10 below. We point out that in the proof 
of the estimate (6.12), we use the embedding result (6.14) below on the homogeneous Triebel-Lizorkin 
space from [51] and another key fact from [6, Theorem 1.1] that \\VLi.f\\L^{R"} ^ \\'^''f\\L^{R")- The 
latter fact may not be true for L2; sec Remark 6.11 below. Thus, it seems that one needs some new ideas 
to obtain the Riesz characterization of iJ£ (R"). 

We now make some conventions on the notation. Throughout the whole paper, we always let N := 
{1,2,- ••} and Z+ := N U {0}. Denote the differential operator „ tif „ ^^ simply by d", where a := 
(ai, • • • , a„) and |a| := ai + • • • + «„. We also denote the 2k-order divergence form homogenous elliptic 
operator with complex bounded measurable coefficients (— l)'^ X]|Q|=|/3|=fc ^"("^"./s^^) by ii and the 2k- 
order Schrodinger type operator (— A)'^ + V^ by L2. We use C to denote a positive constant, that is 
independent of the main parameters involved but whose value may differ from line to line, and C{a, ■ ■ ■) 
to denote a positive constant depending on the parameters a, • • • . Constants with subscripts, such as Co, 
do not change in different occurrences. If / ^ Cg, we then write f "^ g; and 'li f ^ g "^ f , we then write 
/ - g. For aU x £ R" and r e (0, 00), let B{x, r) := {y e M.'^ : \x - y\ < r}. Also, for any set E eW\ we 
use E to denote R" \ E and xe its characteristic function. 

2 Preliminaries 

We first collect some basic results on the theory of Hoo functional calculus, developed by Mcintosh in [46], 
that wc need in what follows. For more details and further references about functional calculus, we refer 
the reader to [2,33,46] and the references therein. 

For 9 £ [0, tt), the open and closed sectors, Sg and So, of angle in the complex plane C are defined 
as follows: 

S"g:^{zeC\{0}: |argz|<0} 

and 

5e :={zeC\{0}: | argz| ^ 6*} U {0} . 

Let Lu £ [0, tt). a closed operator T in L^(M") is called of type u, if the spectrum of T, a-{T), is contained 
in Slo, and for each 9 £ [ui, it), there exists a nonnegativc constant C such that for all z G 'C\ Sg, 
\\{T — z/)~^||£(L2(R")) ^ C|z|~^, here and in what follows, |i5||£CH) denotes the operator norm of the 
linear operator S on the normed linear space "H. 

For ^ e [0, tt) and cr, t G (0, 00), wc need the following spaces of functions: 

H{Sl) := {/ : / is holomorphic on Sl) , 

HUSD := {/ e H{Sl) : |l/|U=.(so) < 00} (2.1) 

and 

*<..r(^°) := {./ e H{Sl) : 1/(01 ^ Cinf{|e|^ \Cr} for all C e S^} . (2.2) 

It is known that every one-to-one operator T of type co in L"'(R") has a unique holomorphic functional 
calculus which is consistent with the usual definition of polynomials of operators (see, for example, [46]). 
More precisely, let T be a one-to-one operator of type w, with w G [0, tt), /x G (w, tt), cr, t G (0, 00), and 
/ G ^a-.TiS*^). The function of the operator T, f{T) can be defined by the Hoo functional calculus in the 
following way, 

f{T):^^J{iI^T)-^f{OdL (2.3) 
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where 7 := {re*'^ : cxj > r > 0} U {re~^'^ : < r < 00}, v e (w, fi), is a curve consisting of two rays 
parameterized anti-clockwise. It is well known that the above definition is independent of the choice of 
ly e (w, (u) and the integral in (2.3) is absolutely convergence in £(L^(R")) (sec [33,46]). 

In what follows, we always assume lo € [0, i^ l'^)- Then, it follows from [33, Proposition 7.1.1] that for 
every operator T of type oj in L^(R"), —T generates a holomorphic Co-semigroup {e^^^j^ggo on the 

7r/2 — Cij 

open sector S^,^_^ such that ||e^^^||£(i2(jj„)') ^ 1 for all z G S^^-^ ^'^'i' moreover, every nonnegative 
self-adjoint operator is of type 0. 

Let '3/(5'°) := ^a,T>o^a,T{S^^)- By the relationship between the associated semigroup and the resolvent 
of T, for all / € ^(5°), f{T) can further be represented as 



f{T)= f e'^^v+{z)dz+ f 



e-^'r]^iz)dz, (2.4) 



where 



^il^):-^/ e«V(OC ^er±, (2.5) 

r± := K+e±*(''/2"''), 7± := R+e^"" and s^ w < g < 1/ < ^j < tt/2. Here and in what follows, 
R+ :=(0,oo). 

It is well known that the above holomorphic functional calculus defined on ^(5"°) can be extended to 
iJoo(5°) via a limit process (see [46]). Recall that for /.i e (0, tt), the operator T is said to have a bounded 
HooiS?^) functional calculus in the Hilbert space "H, if there exists a positive constant C such that for all 
"0 S HooiS'^), \\ipiT)\\c{n) ^ C'||V'||l~(50) and T is called to have a bounded Hoc functional calculus in 
the Hilbert space 7i if there exists /i G (0, w) such that T has a bounded Hoo{S?^) functional calculus. 

Now, we describe our assumptions of operators L considered in this paper. Throughout the whole 
paper, we always assume that L satisfies the following assumptions: 

(Al) The operator L is a one-to-one operator of type uj in L^(M") with u E [0, tt/2); 

(A2) The operator L has a bounded iJoo functional calculus in L^(R"); 

(A3) Let k G N. The operator L generates a holomorphic semigroup {e~*^}f>o which satisfies the k- 
Davies-Gajfney estimate, namely, there exist positive constants C and Ci such that for all closed 
sets E and F in R", t e (0, 00) and / G L'^{W^) supported in E, 



-,-tL 



e 



[d\si{E^F)f^-^^ 
Ciii/(2fe-i) 



/lU.(^) ^ gexp - ^ ^'\ '!,,_,, ||/|U.(^), (2.6) 



here and in what follows, dist(i?, F) :~ mixi£E,yeF \x — y\ is the distance between E and F. 

Remark 2.1. We point out that when fc = 1, the fc-Davies-Gaffney estimate is usually called the 
Davies-Gaffney estimate (or the L'^ off-diagonal estimate or just the Gaffney estimate) (see, for example, 
[35,37-39,41]). 

Let fc e N. Examples of operators, satisfying the above assumptions (Ai), (A2) and (A3), include the 
following 2fc-order divergence form homogeneous elliptic operator: 

Li := (-1)^- Y. ^"(a",^5^) 

\a\ = \l3\=k 

with complex bounded measurable coefficients Oa^p for all multi-indices a, /? and the 2fc-order Schrodinger 
type operator L2 := (-A)'= + V'' with ^V e L\^^ (R"). More precisely, let VF'='2(R") be the Sobolev 
space of order k endowed with the norm 

II • llw"=.2(M") := 2_/ II^°(')IIl2(R")- 

O^lal^fc 



6 Cao J et al. Sci China Math January 2012 Vol. 55 No. 1 

Denote by a the sesquilinear form given by 

a(/' .9) := / E a^.A^)d^fi^)9^^9(^dx (2.7) 

\a\ = \p\=k 

with domain D{a) := VF'^'^(R"). We further assume that a satisfies the ellipticity condition, that is, there 
exist positive constants < A ^ A < 00 such that 

||aa,/i||L-(R„) ^ A for all a, /3 with \a\ = k = \p\ (2.8) 

and 

3?a(/, /) ^ A II vVlli2(R„) for aU / e W''^'{R"), (2.9) 

here and in what follows, 5Rz for any z € C denotes the real part of z. The 2k-order divergence form 
homogeneous elliptic operator Li with complex bounded measurable coefficients is then defined to be the 
operator associated with the form o. 

Let Lu G [0, 7r/2]. Recall that an operator T in the Hilbert space Ji is called m-uj- accretive if 

(i) the range of the operator T + I, R{T + I), is dense in H; 

(ii) for aU u e D{T), \ arg(Tw, m)K w, 

where D{T) denotes the domain of T and arg(Tw, u) the argument of {Tu, u). It is known by [33, 
Proposition 7.1.1] that every closed m-w-accretive operator is of type w (see [33, p. 173]). 

From [6], it follows that Li is closed and maximal accretive (see [33, p. 327] for the definition), which 
further yields that R{Li + 1) is dense in L^(IR") (see, for example [33, Proposition C.7.2]). Moreover, by 
the ellipticity condition (2.8) and (2.9), we obtain that for aU / e W''''^(R"), 



|tan (arg(Li/, /))[ = 



S(ii/, /) 



3?(ii/, /) 



A 
^A' 



here and in what follows, 5z for any z g C denotes the imaginary part of z. Thus, |arg(Li/, /)[ ^ 
arctan J, which, together with the fact that R{Li + I) is dense in L^(R"), shows that Li is an m- 
arctan y-accrctive operator in i^(R") with the angle arctan j G [7r/4, 7r/2). Thus, Li is an operator of 
type arctan A . 

Now, we show that Li is one-to-one. Let N{Li) :— {/ e D{Li) : Lif = 0} be the null space of Li. 
For any fixed / £ N{Li), by the elliptic condition (2.8) and (2.9), we have 

J ^\w''f{xf dx^\{L,f,f)\^0, (2.10) 

which implies that \7^f = almost everywhere in M". In what follows, denote by C^(M") the space of all 
C°° functions with compact support in R". For all / G W'^^'^iW), by the density of C;?°(IR") in W^'^'^^R"), 
there exists a sequence {/j}jeN of functions in C^(]R") such that limj^oo fj = / in VK'"''^(M"). Denote 
the Fourier transform and the inverse Fourier transform of /, respectively, by / and /^. li f € N{Li), 
by (2.10), the fact that fj G C^(K"), the multiplication formula of Fourier transform and Plancherel's 
theorem (see, for example, [28, Theorem 2.2.14]), we have that for all (p G C^{W-), 

= (VV, ^) = .lim (VVj, V) = .lim (-l)'-(/.-, V^) - .1™ {-l)Hfj, (VV)^) 

= lim ^^■(/;■,(•)V(•)) =*'(/, (OVO)), 

which implies that supp / C {0}. By [28, Corollary 2.4.2], we have that / is a polynomial, which, together 
with the fact that / G L^(M"), implies that / = 0. Hence, N{Li) = {0} and Li is one-to-one. 
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Since Li is maximal accretive, from [2], it follows that Li has a bounded holomorphic functional 
calculus. Finally, in Proposition 3.4 below, we show that the semigroup {e~*^^}t>o satisfies the fc-Davies- 
Gaffney estimate. Thus, the 2k-order divergence form homogenous elliptic operator Li with complex 
bounded measurable coefficients satisfies the assumptions (Ai), (A2) and (A3). 

Let fc g N, A := X]?=i w^ ^e the Laplace operator and < V G L'f^^ (R"). The 2k-order Schrodinger 
type operator L2 := (— A)*^ + V'' is the associated operator of the following sesquilinear form 

b(/,.9):= / VV(a;)V^'^dx+ / [V (x)]' f (x)'^ dx 

with domain D{b) := {/ G W'^'^CW") : J^„[V{x)]''\f{x)\'^ dx < 00} which is also dense in L'^CW"), since 
C^(M") C D{b). 

It is easy to sec that the 2fc-ordcr Schrodinger type operator L2 is a nonnegative self-adjoint operator. 
From [33], it follows that L2 is m-0-accretive. Thus, by [33, Proposition 7.1.1], L2 is a one-to-one 
operator of type 0. Therefore, L2 has a bounded H^o functional calculus. Moreover, by [9], the semigroup 
{e~*^^}i>o satisfies a Gaussian type estimate, that is, the integral kernel e~*^^(x, y) of e~*^^ has the 
property that there exist positive constants C2 and C3 such that for all t G (0, 00) and x, y £ R", 

r It- _ „|2fc/(2fe-l) 

|e-*^^(x,y)|^C2i-"/(^'^-)exp|-C3'^ ^' 



il/(2fe-l) 

which implies that the semigroup {e^*^^}t>o satisfies the fc-Davies-Gaffney estimate immediately. Thus, 
the 2k-order schrodinger type operator L2 also satisfies the assumptions (Ai), (A2) and (A3). 

3 /c-Davies-Gaffney estimates 

In this section, we prove some properties about the fc-Davies-Gaffney estimates. We point out that 
when fc = 1 and L is a non-negative self-adjoint operator or a second order divergence form elliptic 
operator with complex bounded measurable coefficients, these properties are already well known (see, for 
example, [5,35,37-39,41]). 

Let 6 £ [0, tt/2) and E, F be two closed sets in M". A family {r(z)}^ggo of operators is said to 
satisfy the k-Davies-Gaffney estimate in z if there exist positive constants C4 and C5 such that for all 
/ e L'^iW^) supported in £; and z G S"^, 

l!r(^)/IU^(F) ^C5exp|-l^^^^^^£^|||/|U.(^). (3.1) 

For any operator satisfying the assumptions (Ai), (A2) and (A3) in Section 2, we have the following 
property. 

Lemma 3.1. Assume that the operator L defined in i^(R") satisfies the assumptions (Ai), (A2) and 
(A3) in Section 2. Then for all i G (0, 1), m G Z+, the family of operators, {{zL)™ e^ ''-'"} ^^go ^ , 

satisfies the k-Davies-Gaffney estimate in z, (3.1), with positive constants C4 and C5 depending only on 
m, I, n, k, u), C and Ci. 

Proof. We prove this lemma by using some ideas from [35]. Since L is of type w, we know that the 
semigroup {e~*^}t>o can be extended to a holomorphic semigroup {e~^^}2gso . Thus, for all z G 
S^,2_i^, closed sets E, F C M" and f,gG L^(M") supported respectively in E and F, the function 

G{z) : z ^ (e-^^/, g) 
is holomorphic on S^,2_i^- Moreover, G satisfies the following properties: 



2k/(2k~l) 
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(i) there exists a nonnegative constant C such that for all z G S^/2-uj^ 

\Giz)\^C\\f\\L2^E)\\9\\mF), 

(ii) there exist nonnegative constants C and Ci such that for all t E (0, cxo), 

f WistrP F-il2fc/(2fc-l) 1 

|G(OKCexp|-l^LX^L_L_ |||/||^.(^)||.g|U.(^). 

In [47, Lemma 6.18], letting ^ := ^2 - w, a := C||/|U2(£;)||5|ji2(^), 6 := ^ [dist(S, F)] 
r :=t, a := ^^_.^ and (3 := 0, we then obtain that for any z :~ re £ S^iTr/2-u>)^ 

< exp |- ^'^'''g;,^(C-T '^ } ll/IU-(^)ilglU-(^)^ (3-2) 

where C4 := su\((i-t\{^--^\\ ■ Fi'oni the analytic property of semigroups and the Cauchy integral formula, 
it follows that for all ?7i € N and z £ 8^,^, -,, 

'^«"'-"^<-^'"SX.,,„/"'k4-^' ,3.3) 

where 77 G (0, sin((l-£)(7r/2-a;))). Thus, for any z G S^^,^_., the bah B(z,77|z|) C <S'°,2_^. Combining 
(3.2) and (3.3), by Minkowski's inequality, we obtain 



\{zLre~^^f\\^ <\z\ 



1 



(^ - z)"+i 



e"' / L^fPiM^I 



L2(_F) 



< 



[dist(£:, i^)]2'^/(2fe-l) 

C4|z|l/(2fc-l) V\n\LHE). 






which implies that {(zi)™e ^^jso satisfies the fc-Davies-Gaffney estimate in z. This finishes the 

proof of Lemma 3.1. D 

Lemma 3.2. Let {At\t>Oj {Bs\s>o be two families of linear operators, Cg and Cj two positive constants. 
Assume that for all closed sets E, F <Z M", / G L^(M") supported in E and t G (0, 00), the following 
estimates hold: 

IIAJIU.(^) < C, exp I - ^ c^t^m-i) } m^E). (3.4) 

and 

llRfll ^r^ / [dist(^^F)f;^(^\ 

I|Bs/||l2(f) «; C6exp<^ (j^gi/{2k-i) ) W-fWL^E)- (3.5) 

Then, there exists a positive constant C such that for all t, s £ (0, 00), all closed sets E, F C M" and 
f G i^(M") supported in E, 

\\AtBJ\\L2,F. ^ Ccxp J _^^^^!^il]l I 11/11^.,^. (3.6) 

" "^^ \ C7(max{t, s})i/(2fe-i) j "•'"^(^'' ^ ' 

where Cj ■- C72'^k/[2k-i) ^ 
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Proof. If dist(£', F) ~ 0, then (3.6) is a simple eorollary of (3.4) and (3.5). Now, we assume that 
dist(£:, F) > 0. As in [36], let p := dist(£;, F) and G := {x G M" : dist(a;, F) < p/2}. Denote by G the 
closure of G. It is clear that dist(£^, G) ^ p/2. Moreover, by (3.4) and (3.5), we have 

WMxGBsfnL-iF) ^ II^(xgBJ)IIl^(E") < I|Ss/IIl2(g) 

. r [distCB,G)rA2^1 

' [dist(g, f )]^'-/(^fe-i) ^ 

Cj2'^k/{2k~l)gl/{2k-l) 






Let Ct :== (7722^/(2'^-!). Similarly, by (3.4) and (3.5), we obtain 

< / [dist(i^, F)]2'-/(2^-^) ] ,, ^,^ 
Combining the above estimates, we have 

WAtBsfhHF) ^ \\At{xGBsf)\\LHF) + \\At{XR'^\GBs.f)\\mF) 

i2fc/(2fc-l)^ f ri- wp, pNi2fe/(2fe-l) 1 



< 



fdist(^, i^)]^''/^^'^-^^ [dist(£:, F)] 

exp < ■ > + cxp -^ 



C7sl/(2fc-l) (7^^1/(2^-1) 



Ifh^E) 



f fdist(S, ^)l2fe/(2fe-l) ] 

[ Crmaxji, s}i/(2fc-i) J 

which completes the proof of Lemma 3.2. D 

Let (7 G [0, 00). As in [39], a family {Tt}t>o of operators is said to satisfy the k-Davies-Gajfney estimate 
of order a, if there exists a positive constant Cg, depending on a, such that for all closed sets E, F C M", 
g e L2(R") supported in E and t £ (0, 00), 

||r,5|U2(^)<Qmin|l, ^^-^^^-^1 ||g||i.(^). (3.7) 

Lemma 3.3. Let p e (w, 7r/2), V ^ 'fcr,r(>5'") /or some a e (0, 00), r G (1, 00), and / e ii"oo(^°)- ^/len 
the family {ip{tL)f{L)}t^Q of operators satisfies the k-Davies-Gaffney estimate of order a, (3.7), with the 
positive constant Gg controlled by ||/||ioo(go). 

Proof For any fixed i' € *<T,r(^") C *(5jJ) and / G ifoo(5'^), by (2.4) and (2.5), we have 



il}{tL)f{L):^ e-~'-'^r^+(z)dz+ e~'^r]_{z)dz, (3.8) 

where r± := ]R+e±»('^/2-«) and for ah zeT±, 

7± := M+e=^^'" and ^ cj < 6* < i/ < ^j < tt/2. It was proved in [39, (2.32)] that for ah z e r±, 

l??±(2:)l< — ^ — ™^° 1 ' vulj r ^ -^ 
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Thus, by (3.8) and Minkowski's inequality, we have that for all g e L'^{W'-) supported in E, 
\mL)fiL)g\\^,^p^ ^ I ||e-^^g||^,(^^ \iu{z)\ \dz\ + f ||e-^^9||^,(^) h_(z)| \dz\ =: J+ + J_. 

Since tt/2 — 6 < tt/2 — uj, there exists a positive number £ E (0, 1) such that tt/2 — 9 < i{TT/2 — Lu), which 
immediately yields that 5°/2-e C S'^,,2_^y Thus, by Lemma 3.1, the family {e~^^}zes° satisfies 
the fc-Davies-Gaffney estimate in z, which, together with (3.9), implies that 

T <ll II f I [dist(^^F)f^^^l , ,,,,,, 
J± < II5||l^(B) J^^ cxp I ^^|^|i/(2fc,i) > \v±{z)\ \dz\ 

^„, f i [distiE, F)f'/'^''~'n r /t\"+Ml,,, 



< 



2fc/(2fe-l) ] I / f \ '^+1 

r [dist(i?, i^)]2'=/(^'=-^n r /n^+M i,, , 

••• ll/llL°-(S0)|l.g|lL2(£;) 
'{2:Gr±: |2:|>t} J 

= :[O, + O2]\\f\\L^iS0)\\9\\LHE)- 

We estimate Oi by 

f / [dist(^^Of!^(^\ 1 / [dist(i;, F)]^"/^^^-^) 

On the other hand, O2 can be written into 

l2fe 



If < ^ [dist(£', F)] , in this case, we have 



i\^+M 



02< ^ -Mzl^i. 



If f < [dist(£', F)] , by choosing N £ [a, 00), we obtain 



" -tv-^i 



O2 < / — w \ [n] 7 \dz\ 

l{zGr±:t<\z\ii[dist{E,F)]^''}\[dist{E,F)rl \\z\J t 



{zer±: |z|>[dist(£;,F)]^'=} vl^l/ * 



"" \[dist{E, F)f'' J \[d[8t{E, F)f'' J \[dist{E, F)f'' J 

Combining the estimates of Oi and O2; we obtain that {^{tL)f{L)}tyo satisfies the fc-Davies-Gaffney 
estimate of order a, which completes the proof of Lemma 3.3. D 

Now, we turn to some properties of the operators Li and L2 given in Section 2. First, we introduce the 
definition of the Legendre transform. Let h he a real valued function defined on [0, 00). The Legendre 
transform h^ of h is defined by setting, for all s S M. 

h^{s):=sup{st~h{t)}. (3.10) 

We have the following proposition about the operator Li. 
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Proposition 3.4. Let Li be the 2k-order divergence form homogeneous elliptic operator defined as in 
Section 2. Then, the semigroup {e~*^^}t>o satisfies the k-Davies-Gaffney estimate. 

Proof. Wc prove Proposition 3.4 by borrowing some ideas from [10,11,19]. In [11, Theorem 1.2], letting 
{il, '^ , jJL, d) be the usual Euclidean space M", endowed with the Lebesgue measure dx and the Euclidean 
distant d, and with the set class '^ being the set of all Lebesgue measurable sets, and also letting 



A 



e C°°(R") n L°°(M") : |p>|U=.(R„) «; 1, 1 ^ |a| < A:} , 



p EE g := 2, a = /? = 7 := 0, r :=: ti/(2fe)^ ^j.) .= 2,2fe/(2fc-i) f^j. ^^ ^ ^ jq^ ^-^ g^^^ -^ ._ ^^-tL^^ ^^ ^^^^ 
obtain the following two equivalent statements: 

(i) There exists a positive constant C(fc), depending on fc, such that for all e ^, p G [0, oo) and 

t e (0, oo). 



\e-P'f'e-''^^eP'^\\ciLHm) 



^ e 



c{k)hHpt^^^^'''') 



(3.11) 



where, by (3.10), 



h^{pt 



l/(2fe)^ 



sup 



•■ 



/(2fc). 



2fe/(2fe- 



■'} 



(2fc - 1) 



2fc-l-l 



(2fc) 



2 k 



p''t; 



(ii) There exists a positive constant Ci such that for all the closed sets E and F of M" and t G (0, oo), 

dist(£:, i^)\ 2/^/(2^-1) 



\xEe *'^^XF||£(i.(jj„))<cxp 



Cifl/(2fe) 



(3.12) 



Recall that in this case, by [19, Lemma 4], d{E, F) defined in [11, (1.4)] is equivalent to mi3.^E,yeF \x — y\ 
and, moreover, C(fc) in [11, Theorem 1.2(ii)] is assumed to be 1. However, by the change of variables, we 
can easily see that the above equivalent statements are a directly corollary of the equivalence of (ii) and 
(iii) of Theorem 1.2 in [11]. 

Notice that by the density of the simple functions in L'^(R.'^), (3.12) is equivalent to the fc-Davies- 
Gaffney estimate. Thus, to prove that the semigroup {e~*^i}t>o satisfies the fc-Davies-Gaffney estimate, 
by the above equivalence of (i) and (ii), it suffices to prove (3.11). 

To this end, let a be the sesquilinear form as in (2.7) associated with Li. Recall that its twisted form 
is defined by setting, for aU p e [0, oo), (f) e A and f,ge W^'''2(R"), 

ap4/, 9) ■■= ^e"^/, e-'"^g), 

which, together with the Leibniz formula, further yields that there exist positive constants C(a, 7) and 
C(/3, 7) with |a| = |/3| = fc, < 7 s^ a and < 7 ^ /3, 



"p4/, /)= E I aa.Ax)d'^{e"^f){x)dne~'^f){x)dx 



\a\ = \l3\=k 

E 

\a\ = \P\=k 



aa,p{x) 



E C{ot, 7)9''e'"^(^)9"-''/(a;) + e'"^(^)9"/(a;) 



0<7^a 



E C{fi, 7)9''e-'"*(^)9/3-7/(a;) + e-P'^(^)9^/(a;) 

0<7^/3 



dx 



E 

|a| = |^l=fc 



'l'a,p{x) 



E C{a, j)Cil3, 7)a''e'"^(^)(9"-''/(x)9'/e-'"^(^)9^-'//(x) 

0<7^q;,0<7^/3 



12 
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p-p4,(x)Qfij{^^-) Y^ C(a,7)a''e'"^(^)a"-'^/(a;) 



0<7^a 



+ 



0<7^^ 



dx + aU,f). 



Let C(a,0) := 1 =: C(/3, 0) and C{k) := AE|a|=|,3|=fcEo^7^a,o^7^^ C'(a,7)C(/3,7)], where A is as in 
(2.8). By this estimate, G ^, (2.8) and Holder's inequality, we further have 

KAf^ f) - q(/> /)I 



< 



A E / I E C(«,7)C(/3,7)|pl'''9"-V(:^)pl^la^-^/(^) 

|a| = |^| = fc '^" [osS7^Q,0^7sS^ 



dx 



1/2 



1/2 



^^ E E C(a,7)C(/3,7)| /' |pl'^la"-V(^)f dxj | / |pl^l9^-V(^)f d^j 

= -^ E E C(a,7)C(/3,7)Iixl2. 

Applying Plancherel's theorem, (2.9) and Young's inequality with e e (0, ^^ ) , we obtain that there 
exists a positive constant C(e) such that for all A E {C{e)C{k), oo). 



(Ii)' ^ / pl-'ll^l'^-l-'l /(O d^^ / [C(6)p2*^+e|f|2*^] /(O 



de 



^ C(e)p^^-||/||i.(j,„) + e||VV||i.(R„) < C(e)p^^|l/||i.(R„) + -3?a(/, /), 



which, together with a similar estimate for I2, shows that 

1 



KM, f) - <L f)\ ^ jML I) + Ap^1|/||i.(R„) 



(3.13) 



Denote by Lp^{— e '"^i^e'"^) the operator associated with a^^. Let ft := e *'^p<t>f. By (3.13), we have 

II/*IIl2(R") = -iLp4,ft, ft) - {ft, Lp4,ft) = -23ffap0(/t, /t) 



dt 



= 2 [5i (a(/„ /,) - apMu ft)) ~ 5Ra(/„ /,)] 
^ 2\apMu ft) - a{ft, ft)\ - 23fia(/t, ft) 

^ l^ft, ft) + 2Xp'^\\ft\\h^j,.^ - 2^a{fu ft) ^ 2Vll/dli2(R„) 



Thus, 



ll/t|li^(E.) - l|e-*^''*/||i2(R„) < exp{2Ap2'^t}||/||i.(R„) < exp [2C{k)h^{pt^^^''^^)] \\f\\ 

-tL 



2 



That is, (3.11) holds. Therefore, {e *^}t>o satisfies the fc-Davies-Gafi^ney estimate, which completes the 



proof of Proposition 3.4. 



D 



Remark 3.5. In the proof of Proposition 3.4, we obtain the estimate (3.11) by following the proof 
of [19, Lemma 2]. The same method should also work for the proof of [10, Proposition 3.1]. Notice that 
the scaling method mentioned in the last two lines of [10, p. 143] may not be valid when used to remove 
the factor e(""'+'^'* appearing in the proof of [10, Proposition 3.1], as the authors claimed therein. 

We also have the following gradient estimate for Li and L2- 
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Proposition 3.6. Let k €z N, Li be the 2k-order divergence form elliptic operator and L2 the 2k-order 
Schrodinger type operator defined as in Section 2. Then, {\/tV''e^*^'}t>o for i e {1, 2} satisfies the 
k-Davies-Gaffney estimate. 

Proof. For any Hilbert space %, let (•, ■)-u be the inner product of "H. By Holder's inequality and the fact 
that {tLie^*^'}t>o and {e~*^'}t>o satisfy the fc-Davies-GafFney estimate which are deduced respectively 
from Proposition 3.4 and Lemma 3.1, we conclude that for all closed sets E, F C M", / € L^(R") 
supported in E, and t e (0, 00), 






LHF) 



< WtT.p^*^^ f II IIp^*^' f II 

^ W^^'i^ J Wl'^^f) Ir J \\l'^(f) 

., r [distOB^F)^^^ , , ,,.,, 
<'^^P| c^^i/(2fc-i) \] WfhHE) 



2 



which implies that {^/i\7''e *^*}t>o also satisfies the /c-Davies-Gaffney estimate. This finishes the proof 
of Proposition 3.6. D 

4 Molecular characterizations of H^(W^) 

Assume that the operator L satisfies the assumptions (Ai), (A2) and (A3) in Section 2. In this section, 
we introduce the Hardy space i/£(R") by means of the L-adapted square function and characterize these 
Hardy spaces by the molecular decomposition. First, we recall some notions. 
Let 

r{x) := {{y, t) e M" X (0, 00) : \x - y\ < t} 

be the cone with vertex x £ W\ For all / e L^(]R") and x £ R", the L-adapted square function SLf is 
defined by 



,2kr„^t'-Lrf„,-,r2dydt 



1/2 



SLfix) :- <! Ij^ ^ r'Le-' Viy)V^ ) ■ (4-1) 

Definition 4.1. Let p E (0, 1] and L satisfy the assumptions (Ai), (A2) and (A3) in Section 2. A function 
/ e L2(M") is said to be in H^(M") if 5'l/ G iP(M"); moreover, define UWhUR") ■= I|5'l/||lp(R")- The 
Hardy space i/£(]R") is then defined to be the completion of H^(M") with respect to the quasi- norm 

Remark 4.2. Since both the 2fc-order divergence form homogenous elliptic operator Li with complex 
bounded measurable coefficients and the 2A:-order Schrodinger type operator L2 satisfy the assumptions 
(Al), (A2) and (A3), we then define the Hardy spaces iJ£ (R") and 7J£^ (R"), respectively, associated with 
Li and L2 as in Definition 4.1. In particular, when k = 1, 7J£ (R") is just the Hardy space ^^divfAV) P^") 
associated with the second order divergence form elliptic operator — div(AV) with complex bounded 
measurable coefficients in [37-39,43] and i?i,(R") appears in [24,25,35,56]; when k = 2, i?i^(R") was 
also studied in [12]. 

In what follows, a cube always means a closed cube whose sides are parallel to the coordinate axes. 
Let Q C R" be a cube with the side length 1{Q). For i G Z+, denote by Si{Q) the dyadic annuli based 
on Q. namely, So{Q) ■= Q and Si{Q) := 2*Q \ {2'^~^Q) for i G N, where 2'^Q is the cube with the same 
center as Q and the side length 2H{Q). 

Definition 4.3. Let p G (0, 1], e G (0, 00), M G N and L satisfy the assumptions (Ai), (A2) and (A3) in 
Section 2. A function in G L^(R") is called an (-ff£, e, M)-molecule if there exists a cube Q C R" such 
that 
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(i) for each £ G {1, • • • , M}, m belongs to the range of L^ in L^(M"); 
(h) for aU i e Z+ and £ G {0, 1, • • • , A/}, 

(\l{Q)r^''L-^)^m s; [2'^(Q)]"(5-F)2-'^ (4.2) 

Assume that {mj}'^^ is a sequence of (il£, e, Af )-molecules and {Aj}°?,o S P. For any / G L^(IR"), 
if / = X^i^o '^j'^J i^ L^(M"), then X]7=o ■^i'^i i^ called a molecular (-ff£, 2, e, M)-representation of /. 

We now introduce the notion of a molecular Hardy space iJ£ j^^^^j j^^(M") generated by (-ff£, e, A/)- 
molecules. 

Definition 4.4. Let p G (0, 1], e G (0, oo), A/ G N and L satisfy the assumptions (Ai), (A2) and (A3) 
in Section 2. The molecular Hardy space i?£ ^-^^^ j\/(^") i^ defined to be the completion of the space 

H^ moi j\f (^") •= {/ ■ / ii^s ^ molecular {H^, 2, e, M) — representation} 

with respect to the quasi-norm 

i/p 

l-^ll^£ „oi m(«") •" ^"M I 51 1'^J'I'' ■ -^ " XI ^i'^i ^^ ^ molecular 

{H^, 2, e, M) — representation >, 

where the infimum is taken over all the molecular (-ff£, 2, e, Af)-representations of / as above. 
Now, we establish the molecular characterization of the Hardy space i7£(M"). 

Theorem 4.5. Let p G (0, 1], e G (0, 00), L satisfy the assumptions (Ai), (A2) and (A3) in Section 2 
and Af G N such that M > ji:{-~\)- Then, iJ^(]R") ^ H^ ^_^^^ a/(^") ™^^ equivalent norms. 
To prove Theorem 4.5, by Definitions 4.1 and 4.4, it suffices to prove that 

H^(R")=Hi^_,^,(R"), A/>^Q-i 

with equivalent norms. We divide the proof into two parts: (i) H^ ^^1 ^^(K") C H^(M"); (ii) H^(R") C 

To prove the inclusion H^ ^^^^j ^^(R") C ]HI^(R"), we need the following key lemma which is just [39, 
Lemma 3.8]. Recall that a nonnegative sublinear operator T means that T is sublinear and Tf ^ for 
all / in the domain of T. 

Lemma 4.6. Let p G (0, 1], M G N and T be a linear operator, or a nonnegative sublinear operator, 
which is of weak type (2, 2), that is, there exists a positive constant C such that for all rj G (0, 00) and 

f G r^(w"''\ 

|{xgR": \Tfix)\>r^}\^Cr^\\f\\l.^^„y 

Assume that there exists a positive constant C such that for all {H^, e, M)-molecules m, \\T7n\\i^pmn\ ^ C . 
Then the operator T is bounded from Hi ^^^j ^^(R") to LP(R"). 

Proof of Theorem 4-5: the inclusion H^ ^^^j j^^(R") C EII^(R"). Recall that L is a one-to-one operator of 
type w having a bounded Hao functional calculus. For all x G R", ip G ^(-^JJ) defined as in Section 2, set 
Tptix) '■= ip{tx) for all t G (0, 00). The quadratic norm \\g\\T,4), associated with the operator L in L^(R") 
and ip, is defined by 

dt^'^' 



9\\T.,i, ■■= < / IIV't(r),glli2(R„) 
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for all g € [L^(M")]t,i/; which is a subspace o/i^(]R") such that the above integral is finite. Since L has 
a bounded H^ functional calculus on L'^{W), it follows from [2] that [L2(M")]j,^ = L'^{M.'^) and for all 
g e L2(R"), 



blk,^ < ||.gllL2(E"). 



(4.3) 



By Fubini's theorem, we have that ||S'L(7||i,2(K") ~ ll.9llT,i/io, where ipoiz) '■= ze " G ^(5'°) for all /i e 
(0, 7r/2). Thus, Sl is bounded on L'^{W^). By Lemma 4.6, to prove the inclusion H^ ^^^j m{W) C 
IHI^(K"), it suffices to prove that for all (i?£, e, A/)-molecules m with ^^ > i:(- - 5), 



5'l'7iJ|lp(K") ^ 1- 



(4.4) 



Let Q be the cube associated with m as in Definition 4.3. Let jo G N be such that 2^° ^ < ^/n ^ 2-'". By 
Minkowski's inequality, Holder's inequality and the L^(E")-boundedncss of Sl-, we see that 



II'5'l'7i||^p(jj„) s$ ||S'Lm||iP(2Jo+4Q)+ ^ IIS'l? 



iLns,(Q)) 



j=Jo+5 



<||m|U.(K„)|2^"+4Q|i-U 5^ i|5Lm|U.(s,(Q))|5,(Q)|^-i 

i=jo+5 

For ||m||i2(-R,i-), from Minkowski's inequality and the size condition (4.2) of tti, it follows that 



3=0 3=0 

For j e {jo + 5, • • • }, let Ij := \\SLm\\L^{Sj(Q))- Then, 

JSj(Q) JSj{Q)Jo J\y-x\<t t 



2''«-5);(Q) 



S,(Q) Jo 



\y-x\<t 



\t^^Le-'''^m{y)\^^ 



dx 



SjiQ) J2«0-5)i(g) J\y-x\<t 



(4.5) 



where 6' e (0, 1) is determined later. 

For Dj, let b := L^^^m. By Fubini's theorem. Lemma 3.1 and the size condition (4.2) of m, we 
conclude that 



D, 



SjiQ) J2'"-J-^)l{Q) J\y-x\<t 

f r f 

Sj(Q) J2»(3- = )i(Q) J\y-x\<t 



t^f^Le-' H^'biy) 



2 dydt 



dx 



^2fc(A/+l)^A/+lg-t-L^(y) 



dy dt 



pi+l+ikM 



dx 



< 



2«(3-=);(Q) 



^2fc(Af+l)^7\/+lg-t^'^L^ 



dt 



< 



dt 



i.(K„) t^kM+1 ^ ./2,,,_,,,(Q^ ll"NL^(K")i4feM+l 



IIHIi^™^. f2''(^-5)/(g)' 



< 



[?(Q)] 



4feM+2n(i-i) 



-4fcA/ 



.1=0 

4feAf 



i'(S.(Q)) 



2e(i-5)Z(Q) 



-4feM 



2''(^-5);(g) ^ 2--''[4'='^^^+"(i-i)i [2J"z(Q)] 



n(l- 



Recall that M > jj^{l/p- 1/2). Letting 9 be sufficiently close to 1 such that oq := 2A:Af6'-n(l/p- 1/2) > 
0, we then obtain 



D,<2-2^"« 1^,(0)1'" 



(4.6) 
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To estimate B^, let Sj{Q) ~ 2^+'^«+^Q \ {2^-^°-^Q) and Sj{Q) ;= 2^+3»+^Q \ {23-i°-^Q). By Fubini's 
theorem, we see that 



B, < 



< 



2''0-^'i(Q) 

-JsjiQ) 

2''"-^';(Q) 



^^fc^g-t i^rn{y) 



2 dydt 
t 



JS,{Q) 

2''(^- = 'i(Q) 



2 dydt 



JSAQ) 

2''0- = )i(Q) 



t^^Le-' ^ {x2^-,o-3Qm) (y) 



e^Le- 



'0 JSjiQ) 

Bj,l + Bj,2 + Bj^3. 



^2fe^g *"°-^ (xr"\2^+™+2q"i) (y) 



2 dydi 



From the fc-Davies-Gaffncy estimate, (4.5) and choosing a G {2n{l/p— l/2)/(l — 6), oo), we infer that 



^2''o-='i(Q) r 

B,,i+B,-3</ exp<^-C 

2''o-=);(Q) 



2J/(g) 



2A;/(2fe-l)" 






< llmll?. 



2H{Q) 



J - m)r'--^' 



2'^U-5)-j 



where C denotes a positive constant. Let ai := (1 — 9)a/2 — n{l/p— 1/2). Then ai G (0,oo) and we 
have 



B,,i+Bj,3< [2^^(g)] 



2n(l/2-l/p) 2jai 



(4.7) 



Finally, by (4.3) and the size condition (4.2) of m, we conclude that 

j+Jo+2 



B.^2<IHli.(,-(Q))< E I 
l=]-]„~2 



\m\\^T2 



LHSdQ)) 



< 2-2j^ [2H{Q)] 



2n(l/2-l/p) 



which, together with (4.6) and (4.7), shows that there exists a positive constant a2 '■— minjao, ai, e} 
such that for all j G {jo + 5, • • • }, 



Ij ^ [2J'UQ)]"^^/^~^/^'2-^"^ - |S'j(Q)|i/2-i/P2-J"^ 
Combining (4.5) and (4.8), we see that 



(4.8) 



II^Lm|U.(R.)<[;(Q)r(^-^)|2^°+4Q|i-U Y. 2^'"'^1. 

i=jo+5 

from which we deduce (4.4). Thus, the inclusion H^ ^^^^ ^j(R") C IHI^(M") holds, which completes the 
proof of part one of Theorem 4.5. D 

Now, we prove the inclusion ]HI-^(R") C H^ ^^j ^j(M"). To this end, we need to use some results 
concerning the tent space from [17]. Let i^ be a function on M"^^ := K" x (0,oo). The A-functional of 
F is defined by setting, for all x G M", 

A{F){x) := 



Fix) 



|f(..')P$^ 
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For p e (0, oo), the tent space rP(IR"+^) is defined by 

TP{Rl+') := {f : M^+i ^ C : \\F\\^,(^.^^^ :- M(F)|U.(E") < 00} . 

For any cube Q, denote by Rq := Q x (0, 1{Q)) the Carleson box of Q. A measurable function A on R"^^ 
is called a TP{MJ^^)-atoTn associated with Q with p S (0, 1], if A satisfies the following properties: 

supple i?Q (4.9) 

and 

ljJjAi.,t)\'^\ ^IQP-K (4.10) 

For the tent space TP{M.^^) with p G (0, 1], we have the following atomic decomposition from [17] 
(see also [39, Proposition 3.25]). 

Theorem 4.7 ( [17]). Let p € (0, 1]. For all F e TP(MJI'^^), there exist a numerical sequence {XjjfL^ 
and a sequence {Aj}°^q o/TP(M"''' )-atoms such that for almost every {x, t) G """'' 



+ ' 



F{x,t) = Y,X,A,{x,t). 
3=0 



Moreover, 



where the implicit equivalent positive constants depend only on n. Finally, if F E T''(R" ) n T^(R" ), 
then the decomposition also converges in T^(R" ). 

Let M e N. For all F € T'^{R''l+^), define the operator tta/.l by setting, for all x £ M", 

7rM,LF{x) := r {t'^Lf^' er^^'^Fix, t) ^. (4.11) 

Jo f^ 

For this operator, we have the following useful properties. 

Lemma 4.8. Let Af G N, p G (0, 1], e G (0, 00) and the operator L satisfy the assumptions (Ai), (A2) 
and (A3) in Section 2. Let "Km.l be as in (4.11). Then 

(i) The operator TVM.L is hounded from T'^ {«^^) to L"^ {«"-). 

(ii) For any TP(R"+ )-atom A, tim,lA is an [H^, e, M)-molecule up to a harmless positive constant 
multiple. 

(iii) If M G {n{l/p— l/2)/(2fc), 00), then the operator ttm,l is hounded from the tent space TP(R" ) 
to the molecular Hardy space _ff£ ^^^^j j,^(R"). 

Proof. We first show (i). Let L* be the adjoint operator of L in i^(R"). Observe that L* also satisfies 
the assumptions (Ai), (A2) and (A3) in Section 2. By Fubini's theorem. Holder's inequality and the 
quadratic estimate (4.3) with L replaced by L* , we see that for all F G T2(R"+^) and g G ^^(M"), 



{t^ivllF, 



f r {t^'^Lf^' e-*"^F(x, t)^-dx 
Js." Jo * 

F{x, t){t^'^L*f'+\-t"'L'g{x)dx- 
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<\r I \F{x.t)\-dx^^ 

^ II^IIt2(r"+1)II5IU2(M"), 



1/2 I- „oo 



Jm. 



[e-L*f-\-^--'gi.) 



2 , dt 

ax — 



1/2 



which further implies that the operator ttm^l is bounded from T^(M^"*'^) to i^(R"). Thus, (i) holds. 

To prove (ii), let A be a rP(]R"+^)-atom A associated with the cube Q. From (4.11), it follows that 
for aU £ e {0, • • • , M} and x e M", 



T^M.LAix) =. / (t^'L 
Jo 



2fcr^^^+lg-t"= 



'M(x, t)j = L' r t2fe(M+i)L^/+i-^e-*"^^(a;, i) ^. (4.12) 



Observe that 



^2MM+l)^A/+l-£g-*-L^(^^^ i) ^ = / t2fe(A/+l) (^l'-tM^ 



dt 

~ JO 



e-* M(x, i)y, 



which belongs to L^(R") via a dual argument similar to that used in the proof of (i). This, combined 
with (4.12), implies that ttm,l{A) satisfies Definition 4.3(i). 
For aU x G M", letting 

b{x):= rt^''(''+'^Le~''-''^A{x,t)-, 
Jo t 

we then have ttm.lM^) = L^^b{x). For aU g e L^(M"), from Holder's inequality, (4.9), (4.10) and the 
quadratic estimate (4.3) with L replaced by L*, we deduce that 



{[liQ)f''Lyb{x)g{x)dx 



dt 







[/(g)]''='L^+42^(*^+i)e-*"^A(.T, t) j\^dx 



A{X, t)(i*)'^+li2fc(M+l)g^t3'=L*g(2.) 



dx dt 



Rq 



t 



Rq 



\A{x, t)\- 



dx dt 



t 



1/2 



< 



[liQ) 



n{l/2-l/p)+2kM 



Rq 



Rq 
{t^^L*f+^e-'"''^'g{x) 



(i*)«+li2/c(A/+l)g-t2.i.^^^-| 
1/2 



2 dx dt 
t 



1/2 



2 dx dt 
t 



ln(l/2-l/p)+2feA/| 



which further implies that for all (. G {0, • • • , A/}, 

L-'{2Q) 

Thus, by this, we conclude that for all £ G {0, • • • , M} and j G {0, 1}, 



(4.13) 



{[l{Q)]-^''L-y{TTM,LA) 



L^S,{Q)) 



{[1{Q)]-^''L-^) L^'h 



LHS,(Q)) 



< 



< 



[^^Q^pfelAZ-Fj^A/-?! ^ 



L2(2(Q)) 



\1{Q)\ 



-2kM 



m) 



n{l/2-l/p) 



(4.14) 



which is desired. 
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Moreover, for all € e {0, • • • , M) and j € {2, 3, • • • }, letting g G ^^(M") with suppg C Sj{Q), 
choosing a G {n(l/p— l/2)(2— 1/fc), oo) and using Lemma 3.1, similar to the estimate for (4.13), we see 
that 



{[l{Q)f''L) b{x)g{x)dx 

< rug)i"(i/2-i/p)+2feM 

< [;(Q)]"(l/2-l/p)+2fcA/ 



JQ 

1{Q) 



dist(Q, 5,(Q))" 



2 da; dt 
t 



1/2 







t 



exp < — C 

<[;(Q)]n(l/2-l/p)+2feA/2-^W(2.-l)||gjJ^,^^^.^^,^, 

which further implies that for all I £ {0, • • • , M} and j € {2, 3, • • • }, 



2./(2fe-l)| ^• 



1/2 



ll5lU2(S,-(Q)) 



{mr^'^L-^iTTM^LA) 



< 



LHS.iQ)) 



{mr^'^L-^y L''b 



LHS,(Q)) 



< 



[;(Q)]2/c(M-J)^A/-A ^ |^(g)|-2A,- 

< [2JZ(Q)]"(l/2-l/p)2-j[fca/(2fc-l)-n(l/p-l/2)] 

- [2^Z(Q)]"(i/2-i/p)2-JE^ 



2A:M 



(4.15) 



where e := fca/(2fc - 1) - n{l/p - 1/2) e (0, oo). 

Combining (4.14) and (4.15), we know that 7Tm,lA satisfies Definition 4.3(ii) up to a harmless positive 
constant multiple. Thus, ttm.lA is an (-ff£, e, A'/)-molecule up to a harmless positive constant multiple, 
which completes the proof of (ii) . 

To show (iii), by density, we only need to show that for all F e TP{R1+^) D T'^'on+i\ 



+ h 



\ttm.lF\ 



H 



< IIFI 



L. mol, A/ V 



TPl 



that F = X;^o ^^A, in both pointwise and T'^{Rl+^), and 



To this end, by Theorem 4.7, there exist a sequence {A,;}^q of TP{ 

n+l\ 
+ ^ 

oo \ Vp 



pn+l\ 



-atoms and {A^J^q G l^ such 



By (i) of this lemma, we know that 



'^M,lF — 2_^ K'^M,LAi 



i=0 



in i^(R"), which, combining (ii) of Lemma 4.8, shows that X^i^o ^i'^M.LAi is a molecular (-ff£, 2, e, Af)- 
representation of ■kmxF. Thus, ttm,lF G iJ|J j^^^j jv/(R") and 



Ka/.l-F|| 



< 



Ei^^i' 



1/p 



-^ liTP(R"+^) ' 



D 



which completes the proof of (iii) and hence Lemma 4.8. 

Proof of Theorem 4.5: the inclusion H^(R") C H^ ^^^ m(*")- For all / G H^ (M"), t G (0, cx)) and a; G 
R", let 



F{x,t) :=i^'=Le~* ^/(x) 



(4.16) 
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By SlI e LP{«") and / £ L'^(W"), together with the fact that Sl is bounded on L'^ {«"-), we know that 
F e rP(R"+^) n T^{RI+'^). Moreover, by the Hoc functional calculus in L^{W), we see the following 
Calderon reproducing formula that for all g e L'^{M."), 

Jo '• 

where Cg is a positive constant such that Cg /J" t2fe(M+2)g-2t2'' f = 1- Thus, for aU / e H^(R"), if 
letting F be as in (4.16), then / = CgTTi\j_LF and, by Lemma 4.8(iii) and its proof, we further know 
that / G H^,^o1,m(K") and ||/||?,,,_,,,(M") < ||/||h£(M"). Therefore, Mi(R") C H^ „,„,,,(»«), which 
completes the proof of Theorem 4.5. D 



5 Generalized square function characterizations of H 



This section is devoted to the generalized square function characterization of iJ]J(R"). We first introduce 
the notion of the Hardy space H^ l(K") defined via the generalized square function. Let oj G [0, 7r/2), 
a e (0, oo), /3 e (n(l/p- l/2)/{2k), oo) and tp € *a,/3(5'°) with ^l e (w, tt/2). For aU / e L^(W') and 
{x, t) g R""*" , define the operator Q^^lJ by. 



Q^.Lf{x,t):=i,it''L)fix). (5.1) 

Definition 5.1. Let p e (0, 1], oj E [0, tt/2), L be the operator of type oj satisfying the assumptions (Ai), 
(A2) and (A3) in Section 2, a € (0, cx)), /3 e (n(l/p - l/2)/(2fc), 00), /x G (w, 7r/2) and ip G ^a,/3(S'°). 
The generalized square function Hardy space H^ /^(R") is defined to be the completion of the space 

%,Li^n ■■= {/ e L'-{W') : Q^,Lf G rp(R'|+i)} 

with respect to the quasi-norm ||/||/f-p (U") := ll'3i/j,i/l!Tp(R"+h- 

The following theorem, which establishes the generalized square function characterization of i/£(M"), 
is the main result of this section. 

Theorem 5.2. Let p G (0, 1], lo G [0, 7r/2), L be the operator of type uj satisfying the assumptions (Ai), 
(A2) and (A3) in Section 2, a G (0, oo), /3 G {n{l/p- l/2)/(2fc), 00), /i G (w, 7r/2) and ^' G ^a,0{S°). 
Then the Hardy space _ff£(M") = H^^ l(1^") wzi/i equivalent norms. 

Before proving Theorem 5.2, we first give an application of this theorem. Let a G (0, 00) and L" 
be the fractional power with exponent a of L defined by the Hco functional calculus in L^(R") (sec, for 
example, [33,46]). More precisely, choose tti G N such that m > a. Then, z"(l + z)^™ G 'ia,m~a{Sa) 
for all fi G [0, 7r/2) and L" is defined by setting 



L-=(z")(L):=(l + L)™(^^^-^-^j(L). 

For more details about L", we refer the reader to [33,46] and the references therein. 

Assume that — L" generates a bounded holomorphic semigroup {e~*^ }t>o- From [33, Example 3.4.6], it 
follows that this is true when a G (0, 1], and in this case, {e~*^ }t>o is called the subordinated semigroup 
(see [33, p. 80] for more details). For all / G i^(R"), define the L^-adapted square function Sl" by 
setting, for all x G M", 

N 1/2 

S,.fix) :^{ II i^^"i"e-*^^°^°/(2/) ' ^ ■ (5-2) 




r(x) 



i"+i 
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For p € (0, 1], we also define the Hardy space H^a (M") associated with L" to be the completion of the 
set 

H^4R") := {/ e L2(r") : ||5i./||^,(K„) < 00} (5.3) 

with respect to the quasi-norm \\f\\Hl^{R") := II'5'l°/|Ii,p(r..) • 

With the help of Theorem 5.2, we immediately obtain the following interesting corollary. 

Corollary 5.3. Let p G (0, 1] and L satisfy the assumptions (Ai), (A-2) and (A3). Assume further that 
when a S (1, 00), ~L" generates a bounded holomorphic semigroup. Then, for all en G (0, 00), the Hardy 
spaces ^//^^(M") = H£(R") with equivalent norms. 

Proof. Let u) e [0, 7r/2). Recall that L is an operator of type w. For all a G (0, 00). /i € (w, 7r/2) and 
C e 5°, set V(?) := ^"e-«°. Then, for all /3 G (n(l/p - l/2)/(2fc), 00), V G *a,;3(5'^) and hence, by 
Theorem 5.2, we conclude that for all / e L2(R"), 

II/IIhj;„(K") = II'5'l°/||lp(R") = ||Qv'.i/llTP(K;+i) = II/IIh^,^(K") "^ II/IIh|;(R"): 

which, together with the density of L'^{W) in i7£(R") and i7£„(R"), shows that i7£(R") = i7£„(R") 
with equivalent norms. This finishes the proof of Corollary 5.3. D 

Let Lo E [0, 7r/2) be as in Section 2 and // G (w, 7r/2). To prove Theorem 5.2, we introduce two 
operators as follows: 

(i) For all F e T'^{R''l+^) and 2Jj e *(5|^), the operator tt^^l is defined by setting, for all x E R", 

f°° dt 

tt^,lF{x):= iit^''L)F{x,t)-; (5.4) 

Jo ^ 

(ii) For all V, ^ e *(S'°), / £ i?oo(5|J) and F e T2(M!^+1), the operator Qf is defined by setting, for 
ah X e R" and s e (0, 00), 

nOO 7 1 

QfF{x, s) := Q^,,L o /(L) o nr ^F{x, s) = / ij{s^''L)f{L)i,{t^''L)F{x, t) -, (5.5) 

Jo f^ 



where the operator Q^^ij^l is defined as in (5.1) 



Observe that by (4.3), Q^^l is bounded from L'^{W"') to T2(R'^+^) and so is Q:t ^. . By Fubini's theorem 



and Holder's inequality, we see that for all F e T'^{Rl'^^) and g e L'^(MJ'), 

2kr-^' .-dt^-^, [^ f ^, .,- r^^^ , dt 



^^,LF{x)g{x)dx^ / 4,{t"'L)F{x,t)-g{x)dx= / F{x, t)Q^ ^,{g){x) dx 

JR" Jo ^ Jo JR" ' ^ 

Thus, Q^ j^, is the adjoint operator of tt^.l, which, together with the above observation, shows that 7r^,L 
is bounded from T^(R"^^) to L^(R"). From these facts and (5.5) together with that L has a bounded 
Hoo functional calculus in L2(R"), it follows that Qf is bounded on T2(R'^+1). 

Let cTi, (T2, n, r2 € (0, 00). Assume that -0 e ^<ti,ti(<5'°) and ip G *CT2,r2(<5'°)- We now consider 
the operator ip{s'^^L)f{L)'ip(t'^^L) in (5.5). Let a <E (0, min{(Ti,r2}) and & e (0, min{cr2, n}). For s, 
t € (0, 00), when s ^ t, we write 

Ms^H)f[Lm^'^L)^[^^^ {s^^Ly''i^{s^^L)f{L){t'^LY4'{t'H)=:{j^J T,..,.., (5.6) 



while when s > t, we write 



^{s''L)f{Lm''L)^^^j {s''Lfiis^'^L)f{L){t^'^L)-''i;{t'''L)^:^^j T,..,,... (5.7) 
Then, we have the following useful estimate on {T's,t}s,t>o- 
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Lemma 5.4. Let k £ N be as in (2.6), ai, <72, n, T2 G (0, oo), uj G [0, 7r/2), /i e (w, 7r/2), -0 G 
*<Ti,ri(S'°), i/' e 'I'a^.ralS'O), o G (0, min{cri, T2}) and fe e (0, inin{cr2, n}). Let / G H^{S^^). Let 
{Ts.t}s,t>o be as in (5.6) anii (5.7) with s and t replaced, respectively, by s andt. Then, there exists 
a positive constant C such that for all AI G (0, min{cr2 + a, ^i + b}), s, t £ (0, oo), closed sets E, F <Z M" 
and g £ L^(R") supported in E, 



\\Ts,t9\\mF)^C\\n\ 



mill < 1 , 



maxji, s} 

[dist(S, ^)]''^ 



M 



II9||l2(£;)- 



(5., 



Proof. Wc prove this Icnrnia by considering two cases. If s ^ t, since a G (0, min{cri,T2}), we conclude 
that for all ^ G 5°, 



{sO'^i^isOfiO 



< 



i.<r 



and 



m^Hto 



< 






/ll 



<1 



1 + l^^l 



0'2+T2 ' 



which, together with Lemma 3.3 with ip and / therein replaced by {t£,)°"tp{t£^) and {s^)~'^ip{s£,)f{^) 
respectively, implies that the family {T^.tls^t of operators satisfies the fc-Davies-Gaffney estimate of 
order (72 + a in i. 

Similarly, if s > i, since b G (0, min{o'2,'''i}), we see that for all ^ G 5"° 



-h 



f{om'''i^m 



< 



m 



(72— b 



and 



{sO'^isO 



1 + |t^|'^2+^2 



./ll 



JM < 1 



€ 



1 



H\ 



O-l+Tl 



which, together with Lemma 3.3 with tp and / therein replaced by {s£,)''ip{s£,) and f{£,){^0~''4'{tO ^^~ 
spectively, implies that the family {Tis, t}s>t of operators satisfies the fc-Davies-Gaffney estimate of order 
Ti -t- 5 in s. 

Thus, for all AI G (0, min{o'2 + a, ti + b}), we immediately obtain (5.8), which completes the proof of 
Lemma 5.4. D 

Lemma 5.5. Let p G (0, 1], L be the operator of type uj satisfying the assumptions (Ai), (A2) and 
(A3) in Section 2, a £ (0, 00), (i £ {n(l/p- l/2)/(2fc), 00), w G [0, 7r/2), /x G (w, 'k/2), ^ £ *„,/3(5'°) 
and ijj £ ^^^q(S'[J). Then the operator Q^ originally defined in (5.5) on T^(R" ) can be continuously 
extended to a bounded linear operator on rP(R" ). Moreover, there exists a positive constant C such 
that for all F £ TP(M"+^) and f £ i?oo(5'°), 



I'5'^'^||tp(r"+1) ^ C'II/IIl-(sj;)II-F||j,p(jj^+1). 



(5.9) 



Proof. By the density of T2(R'^+1) n TP(R'^+^) in TP(R^+^) (see [17]), it suffices to prove (5.9) for all 
F £ T2(R';:+1) n TP{W"^^). To this end, by borrowing some ideas from the proof of Theorem 1.1 in [54], 
we only need to show that for ah rP(R"+^)-atoms A, 



Wa\ 



TP( 



< 



Wfh^isoy 



(5.10) 

-boundcdness of Q-^A, it follows that 
for any F £ T^{Rl+^) n TP{RI+^), there exist a sequence {Ajj'^g of TP(R!^+^)-atoms and {Xj}°^o ^ 



Indeed, if (5.10) holds, then from Theorem 4.7 and the T'^Q 



pn+ll 
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P such that F := X]^o -^i^i with the summation converges in both pointwise and T^(R" ), and 
lE^o \^3\^Y'^ ~ II^IItp(r"+1)- We claim that for i^-almost every (x, t) € W^^^ , 



J=0 



^Y.\\,QfA,{x,t)\ 



(5.11) 



Assume this claim for the moment. By (5.11) and p E (0,1], together with the monotonicity of P, we 
have 



i/p 



|g^F|| ,. ^K:iA,iiQ/A,r^ 



J=o 



TP(R" + ') 



1/p 



I cx: 

^ sup{||Q^(A,)|l^,(j,„+i)}i5]|A,r 



i=o 



i/p 






I/IIl~(so)II-F'IItp(r:;+1)- 



That is, Q^ is bounded on TP(M"^^). To show the claim (5.11), for simplicity of the notation, let 
d^l{x, t) := ^ for all {x, t) G R^+K By the r2(K'^+i)_boundedncss of Q^ and the T^{Rl+^)- 
convergence of F = J^TLo ^j^j' ^'^ conclude that for any rj e (0, oo), 



lim u\ <x e K" 



Qfi £ X,A, 



\i=N+l 



> 77 > < lim -^ 



E ^^^^ 



?:=JV+l 



y2(K^+l) 



This, combined with the Riesz theorem, implies that there exists a subsequence 

/ oo 

QM E ^^^^ 



ieP 



of {QH'^'?Ln+i ^j^j)}n£N such that for /^-almost every (x, t) e M"+^, 

\im Qf I f; A, A, ix,t)=0, 
where {iY^j^gN C N and lim^^oo Ni = oo. Therefore, for /i-almost every (x, i) G R"'''^ and all £ G N, 



g^lE^.^, |(.T,i) 

J=0 



Af, 



<El^j-Q^^^(^'*)l 

J=0 



i=W£+i 



which, together with letting ^ — > oo, shows the claim (5.11). 

To finish the proof of Lemma 5.5, we still need to prove (5.10). By the homogeneity of the norm 
II ' IItp(r"+M' without loss of generality, we may assume that ||/||l=°(s'') = 1- Let Q be the cube associated 
with the TP(R"+^)-atom A and Rq -.^ Q x (0, /(Q)), where 1{Q) denotes the side length of Q. For ah 
i € N, set TRq := 2'Q x (0, 2H{Q)) C R"+^ and S^{Rq) := 2'Rq \ {2^-^Rq). 

For 7 = 1, by Holder's inequality, the T^(R!f^^)-boundedness of Q^ and the size condition (4.10) of 



TP(R!|;+^)-atoms, we sec that 



\X2RqQ^A\ 



TP(B^+^) 



\A{X2RqQ^A)\\,^ 



LP(K") 
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S^ \\A{x2B^qQ^A) 



a^ .v||i.(r)|2(V^+2)g 

1/2 



l/p-1/2 



<i ij^ iA(x,i)p^[ iQr/^-'/'<i. 



(5.12) 



For 1^2, using Holder's inequality and Fubini's theorem, we then conclude that 



Xs.(i?Q)<^^^|lTP(M"+i) = \\-^(Xs,iRQ)Q^'A)\\^ < ||^(xs.(i?Q)Q^^)|lr2«M |2'(2 + V^)g| 



/ / Xs,{Rq}{x, s)\Q^A{x, s)\ 

Jo JM" 



-,1/2 



*r)|p 2 



2^0 



1 — 1 

I P 2 



r2'/(Q) /• ^/^" 

/2»-i/(Q) JR" 

=:{I + 0}|2^Q| 

To estimate O, from (5.5), Minkowski's inequality, Fubini's inequality. Lemma 5.4 and Holder's in- 
equality, we deduce that 

1/2 



o 



2*;(Q) 

2'"ii(Q) 
2'1(Q) 

2'-HiQ) 

2'1{Q) 

2'-i/(Q) 



XSi{RQ)ix, s)\Q^A{x, s)\ dx — 



Xs,{Rq){x, s) 
Xs,(Rq){x, s) 



CXD T. 

^(s2'=i)/(L)V(t2''^L)A(x, t) J 



^4|- 



A'"' .. ^dt 

r^2fc t2feA(x, t) — 

\s) t 



1/2 



dx 



ds 



< 



< 



l(Q) 



■ 


t 


2kb 


r 

) 


t 




2kb 




Wm 


)\ 





/ 1^52^.42^^(2;, i) I xSi(RQ){x, s)dx — 

2'-i;(Q) JR" s 



-,1/2 



dt 
T 



\A{; m 



dt 



<^ I \\Ai;t)\ 

'0 



dt]'^' ( rHQ)^ 



2H{Q) 



-^dtV^^ 



< 2-2jfe6|g|l/2-l/p ^ 2-'[2'^''-"(l/p-l/2)]|2»Q|l/2-l/p ^ 2-*'^i |2*(3| ^/^"^Z^, 



where & e (n(l/p - l/2)/(2A:), (3) and 71 := 2kb - n{l/p - 1/2) > 0. 

Let a G (0, a). To estimate I, by Fubini's theorem and Minkowski's inequality, we see that 

1/2 



I 



r-'i(Q) r ■ 2 ds' 

Xs.{Rq){x, s)\Q* A{x, s)\ dx — 



2'-U{Q) 



2'-U{Q) 



Xs,{RQ)i^^ s) 



Xs.(i?<5)(a;, s) 



°° ~ df 

^is''^L)f{L)^{t''^L)A{x, t) ^ 



^.-1" 



mm < I - 



2fefc' 



, ^^2*, t2fcA(.T, i) — 



1/2 



, ds 
ax — 



< 



1{Q) ( ft 



' / (7) Ks2fc_t2fcA(x, i)| xs,{Rq){x, s)dx 

JR" ^'' 



ds 1 dt 
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1{Q) ( i-2'-^l{Q) n /^ 



/O I Jt 

=:Ii+l2. 






. 1/2 

ds dt 



Let M E {n{l/p — l/2)/(2fc), min{Q! + b, (3 + a}). It follows, from Lemma 5.4 and Holder's inequality, 
that 



Ii < 



< 



1{Q) 



1{Q) 



4ka 



2 k 



UJ i[dist(i?Q,^.(i?Q))pM "^(■'^)IIl^(«") 



2 A/ 



ds 



1/2 



dt 
T 



* -■4fea f i2fe ^2M ^ ^^ 






[2';(g)]2'^*-f 



/(Q) 



l^('j ^niL^iR^) * 



2feM 



1/2 



-,1/2 



< 



iUnW2kM 



[2%Q) 



|A(.T, i)r 



-2ikM 



Bq 



\A{x, t)[ 



Rq 



dx dt 
t 



dx dt 
t 

1/2 



1/2 



* /s\4'^a ds 



i{Q) ^f 

,AkM ^ 



dt 
T 

dt 
T 

1/2 



< 2-j[2feM-n(l/p-l/2)]|2iQ|l/p-l/2 ^ 2-''y2|2'Q|l/p-l/2^ 



where 72 := 2fcAf - n{l/p - 1/2) > 0. 

For I2 , via some similar calculations to the estimate of Ii , we see that 



I2 < 



< 



i{Q) 



1{Q) 



2'liQ) /tX^fc" r g2k 



Akb f 

s) \[2%Q)Y'^ 



2 A/ 



ds 
s 



1/2 



\A{:t)\\ 



dt 



2H{Q) 



2kb 



t 



< 



, . , ,,2 dxdt 
\A{x, tf —— 

Ro ^ 



2H{Q) 
, 1/2 



2kM 



HQ) 



\Ai;t)\\ 



dt 



t 



L2(R") 



4:kb 



2H{Q) 



t 



2H{Q) 
< (2-2'''^6 + 2-2»^*^) |Q|i/2-i/P - (2-*^i + 2^'-'') |2'0|'/'"'/^ . 

Combining the estimates of Ii and I2, we obtain 

O < (2-*'^i + 2"*''^) |2*Q|i/2-i/p^ 
By (5.12) and (5.13), we conclude that 



4feAfN 



dt 



1/2 



(5.13) 



Q'^IIt.(m-^) ^ l|x2i.«Q^'^||^.(«,+i) + E lk5.(fl<,)Q^^||;,(„.+.) < 1 + E (2"^"^' + 2-^^^^) < 1- 



i=2 



i=2 



D 



Thus, (5.10) holds, which completes the proof of Lemma 5.5. 

As an application of Lemma 5.5, we obtain the following boundedness of Q^,_l and 7r^,.L- 

Lemma 5.6. Let p G (0, 1], w G [0, 7r/2), L be the operator of type lo satisfying the assumptions (Ai), 
(A2) and (A3) in Section 2, a E (0, 00), /3 S (ri(l/p- l/2)/(2fc), 00) and fi G (w, 7r/2). Then 

(i) t/ie operator Q^,l, originally defined on L^(R") as in (5.1) wii/i ■(/) G ^^^^(5'"), can be extended to 
a bounded linear operator from iJ£(R") to TP(R" ). 
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(ii) the operator iiip^L, originally defined on r^(R" ) as in (5.4) with ip G ^^^q,(5'!J), can be extended 

ll+')toHl{ 



to a hounded linear operator from TP(R" ) to iJ£(M"). 



Proof. The proof of Lemnia 5.6 is quite similar to that of [39, Proposition 4.9]. For the convenience of 
the reader, we present the details. We first recall a Calderon reproducing formula from [39, (4.12)]. For 
all V' e *('5'|J), there exists a function ij) e ^(5*^) such that 

i^mit) y = 1. 



Moreover, we have 



TTvsL o Qr ^ = ^r ^ o Q,^,i = / inL2(M"). (5.14) 



In particular, let ipoiz) := ze ^ for aU z e S'^']. We then choose ipo{z) := C(Af)z*'^e ^ for all z e S° 
such that V'o S '^m,n{S'j[) for any N G (0, oo), where M is the smallest positive integer larger than 
n(l/p - l/2)/(2fc) and C{M) J^ t^'e~^' dt = 1. 

By Definition 5.1 and (5.1), we see that for ah / e Hl{W^) n L'^{W), 

\\Qi!a,Lf\\Tp{Vl+^) = ll/ll-H"£(R'')i 

which implies that Q^,^^l is bounded from i/£(M") to TP{W^'^). For all V- e *a,,3(S'°), by this, together 
with the Calderon reproducing formula (5.14) and Lemma 5.5 with / := 1 therein, we conclude that for 
aU / e HliW^), 

That is, Q.^x is bounded from iJ£(R") to TP(R!^+^), which completes the proof of (i). 

On the other hand, for all ip G \l'^^c((»S'°), since V'o G ^i.;3(5'°)i it follows from Lemma 5.5 with / := 1 
therein that for all F e TP(]R'[+1) n T^{R1+^), 

II TT^^.L^ II ffp(Rn) = IIQv'o:L °'^^0,l^IItp(r:^+1) ^ II-^IItp(r:;+1)' 

which shows that 7r^,,L is bounded from TP(M"^^) to _ff£(R"). This finishes the proof of (ii) and hence 
Lemma 5.6. D 

Proof of Theorem 5.2. By Definitions 4.1 and 5.1, to show Theorem 5.2, it suffices to prove that H^(R") = 
H^ ^(R") with equivalent norms. 

The inclusion ]HI^(]R") C H^^ ^(IK") is an easy consequence of the boundedness of (5^,l from _ff£(R") to 
TP(R!;:+^), which is true by Lemma 5.6(i). We now prove H^ ^(R") C H^(M"). Let ^0(2) := ze"" for all 
z e 5°. Observe that for any V' G ^0,^(5°), we can choose '4){z) := C{M)z^'e~^ for all z £ S° such that 
(5.14) holds, where C{M) is a constant such that C{M) J^ t'^^~^e~*tlj{t) dt = 1. From (5.14), Lemma 
5.5 with / := 1 therein, and Lemma 5.6(i), we infer that for all / e Hl^, ^(M"), 

ll/llff£(R") = IIQiAo,i/llTP(R^+i) ^ IIQiAcL o TT^i o Qv',i/llTP(R^+i) ~ IIQiA,i/llTP(R;+i) "" II /II ffP_^(R") : 

which implies that H^,^(R") C H^(R"). This finishes the proof of Theorem 5.2. D 

6 Riesz transforms on iJ^,(]R") for i E {1, 2} 

In this section, for the 2A:-order divergence form homogeneous elliptic operator Li with complex bounded 
measurable coefficients and the 2fc-order Schrodinger type operator L2, we consider the behavior of their 
Riesz transforms V'^L^""'^" on the Hardy space if£.(M"), respectively for i <E {1, 2}. First, we study the 
boundedness of V'^i^^^" on ij£. (R") for i G {1, 2}. To this end, we need the following useful estimates. 
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Lemma 6.1. Let p £ (0, 1], M, k CzN, Li be the 2k-order divergence form homogenous elliptic operator 
with complex bounded measurable coefficients and L2 the 2k-order Schrodinger type operator. Then, there 
exists a positive constant C such that for all i G {1, 2}, closed sets E, F in M" with dist(i?, F) > 0, 
/ G i"'(M") supported in E and t G (0, 00), 



V^'i,; 



-1/2 



M 



I-e-'^^^Y" f 



^C 



t 



M 



LHF) 



[dist(£;, F) 



,2k 



\.f\\L^{E) 



(6.1) 



M 



S/'^L,-'/' {tU 



-tLi 



,M 



^c 



LHF) 



[d\st{E, F)] 



2k 



UWl^e)- 



(6.2) 



Proof. We prove this lemma by borrowing some ideas from [36]. Let i G {1, 2}. From [6, Theorem 1.1] 
and [47, Theorem 8.1], we deduce that V'^Li^' ' is bounded on _L^(]R"). Thus, it suffices to prove Lemma 
6.1 in the case that t < [dist(£', F)] . By the Hoo functional calculus in L^(R"), we know that for all 
/ G L2(]R")^ 



r'/'f - 



1 



'sLi 



2V^7o 
which, together with the change of variables, yields that 

,M „ 1 



v'^-ir^/'(/-e-*^') / 



2V^7o 



yfcg-sL, /J 



-'/'fds, 



-tL,\M ds_ 



V~s 



x/AI + 2 



t^ rv'e-'^^'+^^''^'(l^e-*^'f' f 

T^ Jo 



2^ 

VM + 2 /■* 

2V^ 



M „ ds 

7^ 



V^v 



k -(M+2)sLi 



M 



M 



x/AI + 2 
I + O, 






fcg-(A/+2)sL, 



j=0 ^ ^ 

I-e 



E (-l)^e-*'' 



ds 



_ti ,A/ ds_ 
' s 



lM\ 



where ( - ) denotes the binomial coefficient. 
To estimate I, we write 



(6.3) 



VM + 2 '■* 



2V^ JO 

J 



JO 



M 






s '—[ 2^ Vi 



: )(-l)-' / v'^-e-^'*^-e-(^^+2)^^7 



75 






For Ig, it follows, from Minkowski's inequality. Propositions 3.4 and 3.6, Lemma 3.2 and the assumption 



t < [diBt{E, F)]\ that 

Jo 

C[dist(£:, F) 



WWh'^iF) ^ 



ds 



< 



< 



exp 



cxp ■ 



I sl/(2fc-l) 

Ci [dist(^, F)]'''/'"'^-^) 

il/(2fc-l) 



L^{F) S 
2k/(2k-l) ^ ^^ 
- f il/llL2(_E) 







* / C, [dist(i;, f )]^^/(^'-^n ds„„ 



sl/(2k-l) 
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< 



exp ■ 



Ci [dist(£;, F)] 



2fc/(2fc-l) 



< 



tl/(2fe-l) 

:2k WfhHE), 



[dist(£;, F)] 



2fcll/llL^(£;) 



[dist(£;, F) 



where C, Ci, C2 arc positive constants such that Ci + C2 = C. 

For each Ij, j ^ 1, by Lemma 3.2 and Propositions 3.4 and 3.6, we see that 



iyi.,„ s ^ 



^i'K^^'^ 



'^-p-Ji^O o p-i'^I+'^)^L 



)f 



ds 



< 



Vt' 



\l2{e) / exp 



C[dist(£:, F) 



2fe/(2fc-l) 



tl/(2fc-l) 



7i 



A/ 



< 



i2fc 



\[dist(£;, F)] 
which, together with the estimate of Iq , imphes that 

/ + 

l|l!lL2(i^) < 



WJWl^e), 



M 



[dist(£;, F) 



2k 



/IIl2(_E), 



(6.4) 



here and in what follows, C always denotes a positive constant. We now estimate O by writing 

Jt s 



(yJV'^e-^^0 o ( 






')f- 



Using the analytic property of semigroups and Lemma 3.1, we conclude that for all g G iy^(]R") supported 
in the closed set E and t < s, 



g-si. _ p~(s+t)Li 



L^F) 



d_ 

dr 



(^p-(s+r)u\^ 



(^+'-)^Oadr 



LHF) 



< 



< 



(s + r)L,e-(^+'^)^'5 



dr 



exp ■ 



C [dist(£;, F)] 



L^(F) s -\~r 

2fe/(2fe-l) ") 



^l J C[dist(i;, f)] 

- S '^^P ^ 5l/(2fe-l) 



dr 

gl/(2k-l) j 7:^7 

2fc/(2fc-l) ~) 



15||l2(B) 



\9\\l^{e)- 



Thus, 



g-si, _ p-{s+t)Li 



< 



LHF) 



exp ■ 



C [dist(^, i^) 



2fc/(2fe-l) 



,l/(2fc-l) 



I.9||l2(B). 



(6.5) 



Therefore, from Minkowski's inequality, (6.5), Lemma 3.2, Propositions 3.4 and 3.6, and the change of 
variables, we deduce that 



101 



LHF) 



< 



(V^v 



k-sLi 



°'J 



g-si. _ g-(s+t)i. 



M 



-sLi 



)f 



L^{F) 



t\ ds 
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< 



< 






„l/(2/c-l) 



ds 

s 



[[d[st{E, F)f''^ 



-M 






IJWl^e)- 



Combining this estimate with (6.4), we have 



< 



LHF) 



f [disi{E,F)f'' 



-M 



\L^{E), 



1 /""^ 



-tLi 



that is, (6.1) holds. 

Now, we prove (6.2). Using (6.3) and the change of variables, we see that 

, A/ ,ds 
"^ 

"■ ' y/^ 

=: B + D. 

By an application of the analytic property of semigroups. Propositions 3.4 and 3.6, and Lemmas 3.1 
and 3.2, we conclude that 



b||l2(^) < 



1 



y'^e-i^Ao (e-('^^+i)-^^=) o (^lUe-i^'^ o {tUe-'^'f~'f 



L^{F) 



ds 

~Ts 



< 



VtJo 



cxp • 



C[dist(£:, F)] 



2fc/(2fc-l) 



^l/(2fc-l) 



l2fe/(2/c-l) 



\.f\\L^E) 



ds 



I C[dist(i;, f)]- ^„^„ 

^ ^^P \ Wi^J^) WfhHE) < 



M 



_ [d\sl{E, F)] 



2k 



\.f\\L^{E), 



where C is a positive constant. 

For the estimate of D, similar to the estimate for B, we write 

M 



D 



(yiv^- 



k ^ — sLi 



o 1 - I o 



.si,e-(^+*)^- 



s 



and we estimate sL^e ('*+*)-^i/ by 



5L.e-(^+*)^'/ 



L^F) 



< 



< 



V''. /'[L,e-"-7-rL.V'''/]* 

^ Jq 



LHF) 



-e 
t 



Ue-^'^'fdr 



LHF) 



-e 
t 



rL.'e^^'^'fdr 



LHF) 



=:Vi+V2. 
By Minkowski's inequality. Lemma 3.1 and r < t < s, we conclude that 



Vi<- 



L,e-^^+-)^^{f) 



. /•* / C[distCB^Of:^(^\ dr 
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< exp { ITTT^I^n ) \\f\\L^(E)- 



sl/(2fc-l) 



Similarly, we see that 



V, < 



[(r + ,5)L,]^-('-+^)^-/ 



<f 



i./o 

"-^WIWl^e) j exp 



dr 



L^{F) r + s 

C[dist(g, f)]'''/^'^'^^ 
(r + .s)i/(2fe-i) 



dr 



< 



exp • 



C [dist(£;, F)] 



2fc/(2fc-l) 



;l/(2fe-l) 



\f\\L^[E), 



which, together with the estimate of Vi, shows that the family {sLie~'''+*''^*}t>o of operators satisfies the 
/c-Davies-Gaffney estimate in s. Thus, from Minkowski's inequality. Lemmas 3.1 and 3.2, Propositions 
3.4 and 3.6, and the change of variables, we deduce that 



Ml^f) < 



< 



\f\\L^{E 



C'[dist(£;, F)]^'^'/^^'^-^' 



exp ■ 



<,l/(2fe-l) 



LHF) 

ds 
s 



ds 
s 



M 



< 



i2fe 



\ [dist(F, F)] 
Combining the estimates for B and D, we see that 



IWL^iE)- 



V'L, 



-1/2 



M 



{tL^e-^'^'y f 



< 



t 



M 



■,2k 



fW 



LHF) y [dist(£;, F)] 
which shows that (6.2) also holds. This finishes the proof of Lemma 6.1. 
With the help of Lemma 6.1, we show that the Ricsz transform V''{L- 



L^E), 



is bounded from iJ|J(R" 



to the classical Hardy space H'^(R"), which when p = 1, i — 2 and fc = 1 was first obtained in [35]. 

Theorem 6.2. Let fc G N, p G {n/in + k), 1], Li be the 2k-order divergence form homogeneous elliptic 
operator with complex bounded measurable coefficients and L2 the 2k-order Schrodinger type operator. 
Then, for all i G {1, 2}, the Riesz transform V'^(F,j ) is bounded from if£.(R") to the classical Hardy 
space i?P(M"). 

Proof. Let i G {1, 2}. Wc first claim that to prove Theorem 6.2, it suffices to show that V^{L^ ) maps 
each (iJ£., e, M)-molecule m as in Definition 4.3 with e > and M > n{l/p— l/2)/(2fc) into a classical 
iJP(R")-molecule in [50] up to a harmless constant multiple. 

Indeed, assume this claim for the moment. For any / G H^.(R"), by Theorem 4.5, there exist 
{Aj}°^Q G l^ and a sequence {m.j}°^Q of (i?£. , e, M)-molecules such that / = J2^o ^j''^j i^ ^ molecular 
(i?£, 2, e, Af)-representation of / and 

i/p 

Iff? (R") ^ I JZl'^^l^ 

Moreover, from the L^(R")-boundedness of V''(L~^'^) and the fact that / = J^JLo -^j'^j holds in L^(M"), 
it follows that 



7fcrr-i/2 



v^x^r' )/-vnL: 



k(T-l/2 




J=0 



(6.6) 
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in L (M") and hence in the space iS'(M") of Schwartz distributions, which, together with the above 
claim, imphes that (6.6) is a classical molecular decomposition of V'^(Lj )/ in ifP(R"). Thus, by the 
molecular characterization of i?P(R") in [50], we further conclude that 

i/p 



V\L-"^)f 



< 



HP{M^) 



Ei^.i' 



iJ=0 



1/lli/? 



l/2\ 



i-), 



L,^ 



to 



which, combined with a density argument, then shows that V (i^ ) is bounded from H' 
i7P(]R"). 

Let m be an (i?£., e, M)-molecule associated with the cube Q as in Definition 4.3 with e e (0, oo) 
and M > n{l/p — l/2)/(2fc). To prove the above claim, we need to prove that V^{L^ ' )m is a classical 
iJP(R")-molecule in [50] up to a harmless constant multiple. To this end, we only need to show that 
V'^(L~ )m is a following defined i7P(M" )-molecule in [39,40], from which it follows that it is also a 
classical molecule in [50]. In what follows, for any 7 G M, we denote by [7J the maximal integer not more 
than 7. Let p E (0, 1] and Q be a cube in R". A function m £ i^(R") is called an H^ (W^) -molecule 
associated with Q if there exists a positive constant e G (0, 00) such that 



(i) for all j E Z+ , 



M\lhs,(q)) 



< 



[2H{Q)] 



n(l/p-l/2) „_,- 



(6.7) 



(ii) there exists a non- negative integer M e Z+ with M ^ [7i{l/p — 1)\ such that for all multi- indices 
a with < [a| ^ M, 



x°'m{x) dx = 0. 



(6.8) 



We first prove that V'iL^ '^^'^)m satisfies (6.7). For ah j G {0, 1, 2}, by the ^^(Rn^.^Q^j^jj^^j^ggg ^f 
V'=(Lr^''^) and (4.5), we see that 



When j > 2, we write 



< 



LHS,{Q)) 



^Hu-"^) 



< 



L2(R") 



!1™||l.(k.) < m'^-^'P. 



< 



V' 



=:I + 0. 
From an application of Lemma 6.1 and (4.5), it follows that 



M 









LHS,(Q)) 



I < 



WHL.-'^'){l-erViQ)r'^^) (mx2.-.Q) 

V^Lr^/^)(/-e-['W)l^^^')''(mxMn(2^+^Q)) 
V^ir^/^) (/ - e-['W)l^^^-)'' (mx2...Q\(2.-Q)) 






< 



dist(5'j(Q), 2J-^Q) 
liQ) 



2kM 



F1X2J-2C 



lL2(Rn) 
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2k M 



dist(5j(Q),]R"\(2J+ig)) 



KQ) 



|™XR"\(2J + iQ)|L2(r„) + |pX2J + iQ\(2J-iQ)||i,2(R„) 



< 



Let e := min{e, 2kM - n{l/p - 1/2)} > 0. We then have 
To estimate O, from Lemma 6.1 and (4.2), we deduce that 



«(l/2-l/p) 2-jT 



(6.9) 



O < sup 



sup 



LHS.iQ)) 



y'^L,-'/' ('^[;(g)]^'L.e"^['W)i"'^Y' {[liQr"'L.r'f m 



LHS,{Q)) 



sup 
i<e<M 



v^L-^/^ ( ±.[i^Q)Ykj^^^-4,m)ru 



M 



2k T -1 



X2.-Q mQ)r''L 



M 



L^S,(Q)) 



sup 

1<1<M 



+ sup 



v'=ir'/M^[/(g)]''=i.e-^['(«)i"^' 



v'=ir'/M]^[^(Q)]''^^e-^['(«)i ^' 



A/ 



M 



M 



i"\2J+iQ ([^g)] ^ Li ) 



Af 



X2i + 1Q\2J-2Q ([^(g)] Li ) 



M' 



LHS.iQ)) 



LHS.iQ)) 



{mr^'^L-') m ^^^_ + x2^+^Q\2^-^QmQr"'w') 



L2(R>i) 



M 



L^{R") 



1/2 



< 2-2,7cM ) ^ |U^(Q)p2fc^-l 



M 



,k=0 



LHSiiQ)) 



+ [2^'/(g)] 



«(l/2-l/p) j^ 



1/2 



< 2-2ifcM J y^ 2~2fe[e+n(l/p-l/2)] I r^/gNi«(l/2-l/p) ^ r2J ^(Q)l "^^^^^^^^^ 2"^' 



/c=0 



< 



2--'"^ [2^Z(g)] 



n/p-2/p 



which, together with (6.9), imphes that V^{L^ ' )ra satisfies (6.7) with e therein replaced by e. 

Now, we prove that V^{L~ ' )m satisfies (6.8) by borrowing some ideas from the proof of Theorem 
7.4 in [43]. Let D{y/Ll) be the domain of \/Ll and i?(Lr^^^) the range of L~^/'^. From [6,47], it follows 
that D{y/Li) = D{ai), where D{ai) C VF'"''^(R") is the domain of the sesquilinear form associated with 
L„ which implies that R{L~^'^) C W^-'^{W). Let Wj}JLi C C^{W') such that 

(i) X]^i "fji^) — 1 foi' almost every x S M"; 

(ii) for each j E N, there exists a ball _Bj C M" such that supp cpj C 2_Bj, (ySj := 1 on _Bj and ^ i^j ^ 1; 

(iii) there exists a positive constant C^ such that for all j E N and x £ R", 

5^|VV,(a:)|^C^; 



(iv) there exists N^ G N such that J27Li X2Bj ^ N^. 
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For all J e N and multi-indices a, let r]j G C^(M") such that rjj := 1 on 2Bj and suppryj C 4Bj. Since 
RiLi-^'"^) c W'^^^iW') and 77^ x°' £ Ce°°(K"), we conclude that 

= V / ryjx"V''-i fvLr^/^) ™(a;) dx 

Thus, for all |a| ^ fc — 1 = n{l/[n/{n + fc)] — 1), we see that 
x°'V^Lr^''^m{x)dx 






<E 

00 

= E 

00 

= E 



{\/^'\rijX°')) \/{L-^''^m{x)dx 
T]j\7{Li~ ' )m{x) dx 
rij\/{ipiLi^ ' )m{x) dx 
\/{rij)ipiLi^ ' m{x) dx =0, 



which implies that V^{L^ ' )m satisfies (6.8) with p and M respectively replaced by n/{n + k) and 
n{l/[n/{n + k)] — I). Thus, V^{L~ ' )m is a classical iJP(R") molecule in [50], which completes the 
proof of Theorem 6.2. D 

On the Hardy space i?|J (R"), we further obtain its characterization by the Riesz transforms V'^(Lj^ ' ). 
To this end, we first introduce some notions. 

Definition 6.3. Let p S (0, 1] and Li be the 2fc-order divergence form homogenous elliptic operator with 
complex bounded measurable coefficients. The Riesz transform Hardy space i?£ Ricsz(''^") ^^ defined to 
be the completion of the set 



^Li3icsz 



with respect to the quasi-norm 



(M") := {/ e L^{R") : \/''{L^^^^)f e iJP(M")} 



vn^r'^')/ 



HP{R") 



for an / e Hi^^i,,_(R"). 

We also need the following notion of L^ — L^ fc-off-diagonal estimates, which when fc = 1 previously 
appeared in [3] (see also [39]). 

Definition 6.4. Let k G N, r, q ^ (1, 00) and r ^ q. A family {St}t>o of operators is said to satisfy the 
L'' — L' k-off-diagonal estimate, if there exist positive constant C and C such that for all closed sets E, 
F C M" and / e L''(R") n L'^{«"') supported in E, 
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On the L^ — L'^ fc-off-diagonal estimate of the 2fc-order divergence form homogeneous cUiptic operator 
Li with complex bounded measurable coefficients, we have the following useful lemma. 

Lemma 6.5. Let Li be the 2k-order divergence form homogeneous elliptic operator with complex bounded 
measurable coefficients and r G (f, 2] such that the semigroup {e~*^i}t>o satisfies the L^ — L^ k-off- 
diagonal estimate. Then the family {<Lie^*^^}t>o of operators also satisfies the L*" — L^ k- off-diagonal 
estimate. 

Proof By the analytical property of {e"*^i}t>o, we have {tLie^*^^}t>o = {'2{^Lie~^^^){e~i^^)}t>o- 
Since the fc-Davies-GafFney estimate is just the L^—L^ fc-off-diagonal estimate, it follows, from Proposition 
3.4 and Lemma 3.1, that {|iie~2^i}t>o satisfies the L^ — L^ fc-off-diagonal estimate. Moreover, by the 
fact that {e~2^i}(^Q satisfies the L"^ — L^ fc-off-diagonal estimate and an argument similar to the proof 
of Lemma 3.2 with {At}t>o and {Bs}s>o, respectively, replaced by {|iie~2-^i}j^Q and {e~2^i}jj,Q, we 
conclude that {iLie~*^i }t>o also satisfies the L'' — L^ fc-off-diagonal estimate, which completes the proof 
of Lemma 6.5. D 

Proposition 6.6. Let Li be the 2k-order divergence form homogeneous elliptic operator with complex 
bounded measurable coefficients and r G (1,2] such that the semigroup {e~*^^}t>o satisfies the L"" — L^ 
k- off- diagonal estimate. Then for all p G (0, 1] such that p > rn/(n + kr) and h G H^ Riesz(-'^")' 

W^Whi (R") ^ C'llV 'Li~ ' /i|iffp(R"). 

To prove Proposition 6.6, we need to recall some results concerning the homogenous Hardy-Sobolev 
space F'='P(M") (see, for example, [16,34,51,52]). 

Definition 6.7. Let fc G N and p G (0, 1]. The homogeneous Hardy-Sobolev space H'^-p(M.") is defined to 
be the space 

^fc,P(K") := J / G 5'(M")/^fe_i(R") : 11/11^..,(r,.) := Y. l|5Vlk.(M") < (X) 

( |CT|=fc 

where 5'(R") denotes the space of all Schwartz distributions on M" and ^fc_i(R") the class of all 
polynomials of order strictly less than k on R" . 

Let £ G N be fixed. Let 5(M") denote the space of all Schwartz functions on M" and (p G 5(R") such 
that 

(i) is radial, supp0 C {x G R" : |a::| < 1} and for ah £, ^0, J^ |0(^C)P ^ ^ ^- where denotes the 
Fourier transform of (j), 

(h) for aU l7l ^ £, J^„ x'^4>{x) dx = 0. 

For any given (j) G 5(R") as above and all / G 5'(R"), let Qtf := (j)t * /, where 1/14 := t~"-<j){x/t) for 
all t G (0, 00) and x G R". Let p, q G (0, 00) and a G R such that |a] < £ -\- 1. The homogenous 
Triebel-Lizorkin space F" JR") is defined to be the space 



Fl 



-,(R") := / G 5'(R")/^(R") : \\f\\p.^^^.^ 



clt ^ ^Z" 
^ 



< 00 

LP(R") 



where ^(R") denotes the class of all polynomials on M" (see, for example, [34,51,52]). 

Let T/F'^'^(R") for fc G N denote the homogenous Sobolev space of order k endowed with the norm 
II • llvt/fc.2(R.i) := l|V°(-)lli,2(][in). It is known that the homogeneous Sobolev space W^''''^(R") and Hardy- 



Sobolev space H'^'P {]&"■) coincide, respectively, with the Triebel-Lizorkin space -Ff2(-'^") and Fp 
with equivalent norms (see, for example, [51, p. 242]). 



k (Tan\ 



2\ 
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Definition 6.8. Let /c € N, £ ^ fc be any fixed positive integer and p e (0, 1]. A function h is called an 
H^-P{W^)-atom if it satisfies that 

(i) there exists a ball B C K" such that supp b C B, 

(ii) for any I7I ^ i, J^„ x''b{x) dx = 0, 

(iii) 



\b\\ 



J- ry r- 



< |S|l/2-l/p. 



(6.10) 



Lemma 6.9. Let p e (0, 1], fc G N and f € W''''^{R") n iJ'='P(R"). Then there exist {Xj}°^a € P 
and a sequence {foj}°^o »/ H'^'^i'^'') -atoms such that f = Y.T=o ^j^j ^^ W'''^{W) n iJ'='P(R"), and 

Proof. For any / G VK'''^(R") n iJ'''P(R"), by the coincidence of Sobolev spaces and Hardy-Sobolev 
spaces with Triebel-Lizorkin spaces, we know that / G F|^2(^") ^ -^p 2(^")- From this and a slight 
modification on the proof of [52, Proposition 4.3], together with the same observation as in Theorem 4.7 
on the convergence of the atomic decomposition for elements in the tent spaces, we deduce all the desired 
conclusions of Lemma 6.9, which completes the proof of Lemma 6.9. D 

Proof of Proposition 6.6. For all g G L'^(M"), define the operator 5*1 by setting, for all x G R", 



Sig{x) := 



T{x) 



tWLTC 



-t^^L 



'9{y) 



dy dt 



1/2 



For ah h G H^;^^^^^(R"), let / := L^^'^h. Then / G W''''^{R") f] iJ'=^P(M") and, by Lemma 6.9, there 
exist {Aj}°^o G IP and a sequence {bj}°^„ of i7'^'P(R")-atoms such that / = Y.T=a ^j^j in W'^^^iW) n 
H'''P{R") and, moreover, (Y^JLo l^'^il^)^^^ ~ ll/lli?'=.p(R")- By Theorem 5.2 with L replaced by Li, to show 
Proposition 6.6, we only need to prove that for all / G W''-'^{M.'^) n H'''P{W) with p G {nr/{n + kr), 1], 



SiVLif 



< 



LPf 



IfWm- 



P(K")- 



To prove (6.11), it suffices to prove that for all iy'''P(M")-atoms b, 



Siy/Lib 



<1. 



(6.11) 



(6.12) 



Indeed, if (6.12) holds, by the L^{ 
1.1], we conclude that 



LP(E") 

-boundcdness of 5*1 which is deduced from (4.3), and [5, Theorem 



Si^jLif 



< 



L2(R") 



Lif 



LH 



|VV| 



LH 



l/ll 



W''.2(R")) 



which, together with an argument similar to the proof of (5.11), yields that for almost every x G M", 
\Si\/Lif(x)\ < X]j°=o \X3Si\/Libj{x)\. This, combined with (6.12), shows that (6.11) is valid. 

We now prove (6.12). For j G N, let TZ{Sj{Q)) := Lix^s{Q)^{x) be the saw-tooth region based on 
Sj{Q) C M". From Minkowski's inequality. Holder's inequality and Fubini's theorem, we infer that 



SWLib 



p 



LP(R") 



<2^\\swLib 



3=0 



< 



SWLib 



p 

(i-i)p 



LH4Q) 



\Q\' 



3=3, 



\SiVLib 



LHS.iQ)) 



\2H{Q) 



l»(i-|)p 
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< \\SiJLib 



LHiQ) 



\Q\ 



(i-i)p 



j=3 {■'Jn(S,{Q)) 



< \\Siy/Lib 



(i-l)p 



dy dt 

f-Ik+T 



p/2 



L2(4Q) 



\Qr^ 



|2^^(Q)| 



p/2 



^p/2 



^^[ i2^-^(Q)r-^^^ 



oo 

j=3 t-'R"\2^-^Q-'o 

oo OO 

i=3 j=3 



For I, by the L (]R")-boundcdncss of 5*1, (6.10) and [6, Theorem 1.1], we see that 



I< 



Lih 



L2(Rn) 



\Qf^~'^^' <m% ,^jQf^-'^^' <i- 



(6.13) 



To estimate Jj, recall the following embedding theorem (see, for example, [51]) that for all / G 



F -nr 



'), 



Il-CR") < IIVVI 



•) 



(6.14) 



For each Oj, from Minkowski's inequality. Lemma 6.5, (6.14), Lemma 6.5, Holder's inequality and 
i.lO), it follows that 



J. < 



2i-H(Q) 



{ikj^^^-t Li; 



< J r <2«(i-i) dt 

^ \J2o-H{Q) 



2 dt 

L2(2J-2Q) il+2fc 

1/2 



1/2 



|2JZ(Q)| 



< [2-'';(Q)] 

Let a := ^ + /c - ^. Since p E (;jf|f , 1], we then have a> and 



l"(t-^)-'=||Vfcfe 



^l+2fc I 

^(Q)r 



2^-?(Q)|"<^-^^||6|U.(Q) 



V'^'fo 



L^+fc-CQ) 



< 2["(?-7)-fcb\ 



j=3 J=3 



(6.15) 



To estimate Vw , we write 



V, < [2H{Q)y''-^ 



«(i-^) 



'\2J-2Q Jo 






1/2 



V,.l+V,.2 



(i-^) 



1/2 



"\2J-2g J23-H{Q) 
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Similar to the estimate of Jj , we see that 



V,;2 < 2- 



(6.16) 



To estimate V-,-,i, let /3 e (2fc + 2n{l/r ~ 1/2), oo). By Lemma 6.5, (6.10) and (6.14), there exists a 
positive constant C such that 



< [2^'Z(Q)]"^*"^^ 

< [2^'?(Q)]"*^"^^ 



2J-^i(g) 



.-(i-^)exp/-c[^^'^^)] 



2fe/(2fe-l) 



^2fc/(2fc-l) 



^2fc+l 



,1/2 



I^!1l'-(q). 



2J-^i(Q) 



2J-3/(Q) 



2J7(g) 



^2fe+l 



1/2 



V'^6 



lL„ + fc.(Q) 



[2J7(g)]'' Jo 



-,1/2 



^2n(i-i)+/3-2fc-l^^ 



V^-'fe 



i"(Q) 



|/(Q)I' 



which, together with (6.16), shows that 

oo oo 

i=3 J=3 

This, combined (6.13) and (6.15), implies (6.12), which completes the proof of Proposition 6.6. 



D 



Combining Theorem 6.2 and Proposition 6.6, we obtain the following Riesz transform characterization 
of i/£ (M"). We point out that Theorem 6.10 when fc = 1 is just the Riesz transform characterization of 
'^-div(AV)(^") ^°^ P ^ e^' ^]' "which is exactly [39, Theorem 5.2] in the case that p € (0, 1]. 
Theorem 6.10. Let fc e N, Li be the 2k order divergence form homogeneous elliptic operator, r e (1, 2] 
such that rn/{n + kr) ^ 1, and the semigroup {e~*^}t>o satisfy the U" — 1? k- off-diagonal estimates. 
Then for all p G {rn/{n + fcr), 1], H^ (M") ~ -ffnicsz L (W^) with equivalent norms. 

Remark 6.11. We point out that a key fact used in the proof of Proposition 6.6 (and hence Theorem 
6.10) is ||-\/ii/||L2(R„) < ||V'^/||i2(R„), which comes from [6, Theorem 1.1]. This inequality for L2 is 
equivalent to the following inequality that for all / S 14^'^'^ (R"), 



Yk/2j 



LH 



< l|vV| 



L2(R") 



which seems impossible even when V := 1. Thus, the method used in the proof of Proposition 6.6 seems 
unsuitable for obtaining a counterpart of Proposition 6.6 for ^2- 
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